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Objects x ∈ X , labels y ∈ Y .
Predictor : function fθ : X → Y indexed by θ ∈ Θ.
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Prediction error measured through loss function ℓ :

ℓ
(
y , fθ(x)

)
.

Risk :
R(θ) := E(X ,Y )∼P

[
ℓ
(
Y , fθ(X )

)]
.

where P is the probability distribution of pairs
object-label we want to learn to classify.
Objective :

R∗ = inf
θ∈Θ

R(θ).

Data (X1,Y1), . . . , (Xn,Yn) i.i.d. from P. Empirical risk :

Rn(θ) =
1
n

n∑
i=1

ℓ
(
Yi , fθ(Xi)

)
.
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Toy example :
X uniform on [0, 1],
Y = |2X − 1|+ ϵ.
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Prediction by regular histogram with k-bins.
ℓ(y , fθ(x)) = (y − fθ(x))

2.
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Law of large numbers : for a fixed θ,

Rn(θ) =
1
n

n∑
i=1

ℓ
(
Yi , fθ(Xi)

)
−−−→
n→∞

R(θ).

But θ̂ = θ̂((X1,Y1), . . . , (Xn,Yn)) = θ̂(S) learnt from data.

Can we quantify R(θ̂)− Rn(θ̂) when θ̂ is learnt ?

Various approaches :
Vapnik-Chervonenkis theory,
algorithmic stability,
information bounds : MDL, PAC-Bayes, etc.
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Assumption for whole lecture
Unless specified otherwise, 0 ≤ ℓ ≤ 1 and data is i.i.d. from P .

Vapnik-Chervonenkis – classification (Y = {0, 1})

With probability at least 1− δ on the data, for any θ̂ learnt
from the data,

R(θ̂) ≤ Rn(θ̂) +

√
8d log

(
2en
d

)
+ 8 log

(
4
δ

)
n

where d : the VC-dimension of the set of classifiers (fθ, θ ∈ Θ).
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Statistical estimation / ERM etc.

data estimator

(X × Y)n Θ

S θ̂ = θ̂(S)

Randomized estimators :

(X × Y)n M(Θ) Θ

S ρ̂ = ρ̂(S) θ
θ∼ρ̂
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McAllester’s PAC-Bayes bound
Fix a prior distribution π ∈M(Θ). With probability at least
1− δ on the data S, for any probability distribution ρ learnt
on the data,

Eθ∼ρ[R(θ)] ≤ Eθ∼ρ[Rn(θ)] +

√√√√KL(ρ∥π) + log
(

2
√
n

δ

)
2n

.

KL(ρ∥π) = Küllback-Leibler divergence between ρ and π

ρ can be learnt on the data, so if we have a randomized
estimator ρ̂ in mind, we can apply the bound to ρ = ρ̂.
we will see later that the bound is helpful to define good
randomized estimators ρ̂.
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Intuition on KL :

π uniform on A

π(θ) =
1A(θ)
V(A)

ρ uniform on B

ρ(θ) =
1B(θ)
V(B)

dρ
dπ

not defined here.

B ⊈ A⇒ KL(ρ∥π) = +∞.
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Intuition on KL :

π uniform on A

π(θ) =
1A(θ)
V(A)

ρ uniform on B

ρ(θ) =
1B(θ)
V(B)

B ⊆ A⇒ dρ
dπ

(θ) =
V(A)1B(θ)
V(B)

KL(ρ∥π) = Eθ∼ρ

[
log

dρ
dπ

(θ)

]
= log

V(A)
V(B)

.
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Intuition on KL :

Bd (x , r) ball centered on x , with radius r in Rd

V(Bd (x , r)) =
rdπ

d
2

Γ( d2 + 1)

π uniform on A = Bd(0,C )
ρ uniform on B = Bd(θ0, ϵ)

KL(ρ∥π) = log
V(A)
V(B)

= d log
C

ϵ
.
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McAllester’s PAC-Bayes bound

Eθ∼ρ[R(θ)] ≤ Eθ∼ρ[Rn(θ)] +

√√√√KL(ρ∥π) + log
(

2
√
n

δ

)
2n

.

π uniform on Θ = Bd(0,C )
ρ = ρ̂ uniform on Bd(θ̂, ϵ)

Eθ∼ρ̂[R(θ)] ≤ Eθ∼ρ̂[Rn(θ)] +

√√√√d log C
ϵ
+ log

(
2
√
n

δ

)
2n

.
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Toy classification example :
Xi ∈ [−1, 1],
classifiers (fθ)θ∈[−1,1] given by

fθ(x) =

{
0 if x ≤ θ
1 if x > θ.

Yi = fθ∗(Xi).
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Vapnik-type bound :

R(θ̂) ≤

√
8 log (2en) + 8 log

(
4
δ

)
n
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PAC-Bayes :
π uniform on [−1, 1],
ρ̂ uniform on [a, b].

Eθ∼ρ̂[R(θ)] ≤

√√√√ log 2
b−a

+ log
(

2
√
n

δ

)
2n

.
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Minimization of the PAC-Bayes bound.
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McAllester’s PAC-Bayes bound
Fix prior π ∈M(Θ). With proba. at least 1− δ, ∀ρ ∈M(Θ),

Eθ∼ρ[R(θ)] ≤ Eθ∼ρ[Rn(θ)] +

√√√√KL(ρ∥π) + log
(

2
√
n

δ

)
2n

.

√
a

b
= inf

λ>0

{
a

λ
+

λ

4b

}
.

Eθ∼ρ[R(θ)] ≤ Eθ∼ρ[Rn(θ)]

+ inf
λ>0

{
KL(ρ∥π) + log

(
2
√
n

δ

)
λ

+
λ

8n

}
.
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∀λ > 0, Eθ∼ρ[R(θ)] ≤ Eθ∼ρ[Rn(θ)]

+
KL(ρ∥π) + log

(
2
√
n

δ

)
λ

+
λ

8n
.

Definition - Gibbs posterior

π̂λ(dθ) =
exp(−λRn(θ))

Eϑ∼π[exp(−λRn(ϑ))]
π(dθ).

Theorem

π̂λ = argmin
ρ∈M(Θ)

{
Eθ∼ρ[Rn(θ)] +

KL(ρ∥π)
λ

}
.

Sampling from π̂λ by Monte-Carlo techniques...
Pierre Alquier, ESSEC Business School Empirical PAC-Bayes bounds for Markov chains



PAC-Bayes bounds : introduction
PAC-Bayes bounds for Markov chains

Generalization bounds and PAC-Bayes
Minimization of the PAC-Bayes bound
Extensions

Example : quantile regression.
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ℓτ (y , ŷ) = (y − ŷ)(τ − 1{y≤ŷ}).

π̂λ(dθ) =
exp(−λ

n

∑n
i=1 ℓτ (Yi , θ

TXi))

Zλ

π(dθ).

Algorithms :
importance sampling

Alquier, P. and Li, X. (2012). Prediction of quantiles by statistical learning and application to
GDP forecasting. 15th International Conference on Discovery Science.

Lanvegin Monte-Carlo
θs+1 = θs − η∇ log π̂λ(θs) +

√
2ηWs

= θs + ηλ∇Rn(θs)− η∇ log π(θ) +
√

2ηWs

Mai, T. T. (2025). A sparse PAC-Bayesian approach for high-dimensional quantile prediction.
Statistics and Computing.
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Approximate minimization of the PAC-Bayes bound.
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∀λ > 0, Eθ∼ρ[R(θ)] ≤ Eθ∼ρ[Rn(θ)]

+
KL(ρ∥π) + log

(
2
√
n

δ

)
λ

+
λ

8n
.

Alternative approach : optimize ρ in a smaller set F ⊊M(Θ).

Definition - variational approximation of Gibbs posterior

ρ̃λ = argmin
ρ∈F

{
Eθ∼ρ[Rn(θ)] +

KL(ρ∥π)
λ

}
.

Example : ρ = N (µ,Σ), optimize (µ,Σ).
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Example : Gaussian prior π, and we optimize a Gaussian
posterior ρ :

π = N (µ0,Σ0) and ρ = N (µ1,Σ1) in Rd .

KL(ρ∥π) = 1
2

[
tr(Σ1Σ0

−1)− d

+ (µ1 − µ0)
TΣ0

−1(µ1 − µ0) + log
detΣ0

detΣ1

]
.
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π = N (µ0,Σ0) and ρ = N (µ1,Σ1) in R.

KL(ρ∥π) = 1
2

[
Σ1

Σ0
− 1 +

(µ0 − µ1)
2

Σ0
+ log

Σ0

Σ1

]
.
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If µ1 goes far away from µ0 to ∞,

KL(ρ∥π) ∼ (µ0 − µ1)
2

2Σ0
→∞.

Pierre Alquier, ESSEC Business School Empirical PAC-Bayes bounds for Markov chains



PAC-Bayes bounds : introduction
PAC-Bayes bounds for Markov chains

Generalization bounds and PAC-Bayes
Minimization of the PAC-Bayes bound
Extensions

If Σ1 → 0,

KL(ρ∥π) ∼ 1
2
log

Σ0

Σ1
→∞.
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With a sharp minimum, to keep

Eθ∼N (θ̂,Σ1)
[Rn(θ)] ∼ Rn(θ̂),

Σ1 should be small, and thus KL(ρ∥π) will be large.
Pierre Alquier, ESSEC Business School Empirical PAC-Bayes bounds for Markov chains
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With a flat minimum,

Eθ∼N (θ̂,Σ1)
[Rn(θ)] ∼ Rn(θ̂)

for Σ1 “not so small”, thus KL(ρ∥π) does not have to be large.
Pierre Alquier, ESSEC Business School Empirical PAC-Bayes bounds for Markov chains



PAC-Bayes bounds : introduction
PAC-Bayes bounds for Markov chains

Generalization bounds and PAC-Bayes
Minimization of the PAC-Bayes bound
Extensions

ρ = ρµ1,Σ1 = N (µ1,Σ1) = N (µ1,UU
T ).

min
µ1,U

{
Eθ∼N (µ1,UUT )[Rn(θ)] +

KL(ρ∥π)
λ

}
.

Eθ∼N (µ1,UUT )[Rn(θ)] = Eξ∼N (0,I )[Rn(µ1 + Uξ)].

Stochastic Gradient Algorithm
Random initialization of µ1 and U , then iterate :

sample ξ ∼ N (0, I ),
update{

µ1 ← µ1 − η ∂
∂µ1

[Rn(µ1 + Uξ) + KL(ρµ1,Σ1∥π)]
U ← U − η ∂

∂U
[Rn(µ1 + Uξ) + KL(ρµ1,Σ1∥π)]
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Application : generalization bounds for deep learning.
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Train a neural network for
classification (0-1 loss).

Vapnik-type bound usually
lead to something larger
than 1, for example :

R(θ̂) ≤ 35.4

As R(θ̂) = P(Y ̸= fθ̂(X )),
the bound brings no infor-
mation (vacuous).
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Results taken from :

Dzuigaite, G. K. and Roy, D. M. (2017). Computing Nonvacuous Generalization Bounds for Deep
(Stochastic) Neural Networks with Many More Parameters than Training Data. UAI.
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Extensions.
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Seminal paper, that
contains the bound stated
earlier today.

Since then, various bounds
published :

tighter,
with less assumptions
(i.i.d, bounded loss),
easier to optimize,
...
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Catoni’s PAC-Bayes bound, 2003
Fix λ > 0 and π. With proba. at least 1− δ on S, for any ρ̂,

Eθ∼ρ̂[R(θ)] ≤ Eθ∼ρ̂[Rn(θ)] +
KL(ρ̂∥π) + log 1

δ

λ
+

λ

8n
.

Catoni, O. (2003). A PAC-Bayesian approach to adaptive classification. Preprint LPMA 840.

Zhang, T. (2006). Information-theoretic upper and lower bounds for statistical estimation IEEE
Transactions on Information Theory.
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Fard, M. M., Pineau, J. and Szepesvári, C. (2012). PAC-Bayesian policy evaluation for
reinforcement learning. UAI.

Alquier, P. and Wintenberger, O. (2012). Model selection for weakly dependent time series
forecasting. Bernoulli.

Alquier, P. and Li, X. (2012). Prediction of quantiles by statistical learning and application to
GDP forecasting. 15th International Conference on Discovery Science.

Alquier, P., Li. X. and Wintenberger, O. (2013). Prediction of time series by statistical learning :
general losses and fast rates. Dependence Modeling.

Alquier, P. and Guedj, B. (2018). Simpler PAC-Bayes bounds for hostile data. Machine Learning.

Banerjee, I., Rao, V. A. and Honnappa, H. (2021). PAC-Bayes bounds on variational tempered
posteriors for Markov models. Entropy.

Haussmann, M., Gerwinn, S., Look, A., Rakitsch, B. and Kandemir, M. (2021). Learning partially
known stochastic dynamics with empirical PAC Bayes. AISTATS.

Eringis, D., Leth, J.-J., Tan, Z.-H., Wisniewski, R., Esfahani, A. F. and Petreczky, M. (2021).
PAC-Bayesian theory for stochastic LTI systems. 60th IEEE Conference on Decision and Control.

Eringis, D., Leth, J.-J., Tan, Z.-H., Wisniewski, R. and Petreczky, M. (2024). PAC-Bayesian error
bound, via Rényi divergence, for a class of linear time-invariant state-space models. ICML.

Boroujeni, M.G., Galimberti, C.L., Krause, A. and Ferrari-Trecate, G. (2025). PAC-Bayesian
Optimal Control with Stability and Generalization Guarantees. ArXiv preprint arXiv :2512.02858.
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Definition – φ-mixing coefficient

φ(A,B) = sup
A∈A,B∈B

∣∣∣P(B |A)− P(B)∣∣∣.
φℓ := sup

t∈N
φ

(
σ(. . . ,Xt−1,Xt), σ(Xt+ℓ,Xt+ℓ+1, . . . )

)
.

Theorem – essentially from Alquier and Li (2012)

Fix λ > 0 and π. With proba. at least 1− δ on S, for any ρ̂,

Eθ∼ρ̂[R(θ)]

≤ Eθ∼ρ̂[Rn(θ)] +
KL(ρ̂∥π) + log 1

δ

λ
+

λ(1 + 2
∑∞

ℓ=1 φℓ)
2

8n
.
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2 PAC-Bayes bounds for Markov chains
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A PAC-Bayes bound based on the pseudo-spectral gap
Empirical bound
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Karagulyan, V. and Alquier, P. (2026). Empirical PAC-Bayes bounds for Markov chains. AISTATS.
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Loss ℓ
(
y , fθ(x)

)
.

Objects X1, . . . ,Xn is a Markov chain with transition
kernel P :

P(Xi+1 ∈ A|Xi = x) = P(x ,A) =

∫
A

P(x , dy).

Labels Yi |Xi = x ∼ Q(x , ·).

Empirical risk : Rn(θ) =
1
n

∑n
i=1 ℓ

(
Yi , fθ(Xi)

)
.

Stationary distribution π : πP = π.

Risk : R(θ) := EX∼πEY∼Q(X ,·)

[
ℓ
(
Y , fθ(X )

)]
.
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Empirical bound

Definition : reversal kernel
We put

P∗(u, dv) =
P(v , du)π(dv)

π(du)
.

interpretation : in the stationary regime, the distribution
of (Xt ,Xt+1) is

π(xt)P(xt , dxt+1) = P∗(xt+1, dxt)π(xt+1).

note that P∗P is also a Markov kernel.
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Definition
For a Markov kernel M , 1 is an eigenvalue of M . Let m1

denote its multiplicity. Define :

γ(M) :=


0 if m1 > 1,

1− sup {λ ∈ sp(M), λ < 1} otherwise.

Definition – pseudo spectral-gap

γps := max
k≥1

γ
(
(P∗)kPk

)
k

.

Paulin, D. (2015). Concentration inequalities for Markov chains by Marton couplings and spectral
methods. Electronic Journal of Probability.
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Theorem
Fix 0 < λ < n

20 and a prior µ. With probability at least 1− δ
on S, for any ρ̂,

Eθ∼ρ̂[R(θ)] ≤ Eθ∼ρ̂[Rn(θ)] +
KL(ρ̂∥µ) + log 1

δ

λγps
+

8λ
n
.
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Corollary
Assume we have an estimator γ̂ps of γps such that

P
(∣∣∣∣ γ̂ps

γps
− 1

∣∣∣∣ > ϵ

)
≤ α(n, ϵ, γps) =: α.

With probability at least 1− δ − α on S, for any ρ̂,

Eθ∼ρ̂[R(θ)] ≤ Eθ∼ρ̂[Rn(θ)] + (1 + ϵ)
KL(ρ̂∥µ) + log 1

δ

λγ̂ps
+

8λ
n
.
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Example : finite state space {1, . . . , d}
Wolfer, G. and Kontorovich, A. (2019). Estimating the mixing time of ergodic Markov chains.
COLT.

Wolfer, G. and Kontorovich, A. (2024). Improved estimation of relaxation time in nonreversible
Markov chains. The Annals of Applied Probability.

Nk(i , j) =

⌊ n−1
k

⌋∑
ℓ=1

1
[
X1+(ℓ−1)k = i ,X1+ℓk = j

]
,

Nk(i) =

⌊ n−1
k

⌋∑
ℓ=1

1
[
X1+(ℓ−1)k = i

]
, and L̂k(i , j) =

Nk(i , j)√
Nk(i)Nk(j)

.

Note : L̂k estimates Lk = diag(π)
1
2Pkdiag(π)−

1
2 .

Fix K > 0, put γ̂ps,K = max
{
γ((L̂k)T L̂k)/k , 1 ≤ k ≤ K

}
.
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Proposition (Wolfer and Kontorovich)

For K = ⌈2
ϵ
⌉, we have

P
(∣∣∣∣ γ̂ps,K

γps
− 1

∣∣∣∣ > ϵ

)
≤ α(n, ϵ, γps) = α

where

α =
d∥P∥π min(d , ∥P∥π)
ϵγps min1≤i≤d πi

exp

(
−nϵ2γ2

ps min
1≤i≤d

πi min

(
γps,

1
d min(d , ∥P∥π)

))
.

Corollary
With probability at least 1− δ − α on S, for any ρ̂,

Eθ∼ρ̂[R(θ)] ≤ Eθ∼ρ̂[Rn(θ)] + (1 + ϵ)
KL(ρ̂∥µ) + log 1

δ

λγ̂ps,K
+

8λ
n
.
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Infinite case : not possible to estimate γps in general.
However, under additional assumptions, this can be
feasible. For example :

Proposition
Assume there is a ∈ [−1, 1] such that

Xt+1 = aXt + εt , with εt ∼ N (0, 1).

Then
γps = 1− a2.

Going beyond the Markov case ?
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Theorem – essentially from Alquier and Li (2012)

Fix λ > 0 and π. With proba. at least 1− δ on S, for any ρ̂,

Eθ∼ρ̂[R(θ)]

≤ Eθ∼ρ̂[Rn(θ)] +
KL(ρ̂∥π) + log 1

δ

λ
+

λ(1 + 2
∑∞

ℓ=1 φℓ)
2

8n
.

Can we estimate the whole sequence (φℓ)ℓ≥0 or even simply
the sum Φ =

∑∞
ℓ=1 φℓ ?

Research in progress by G. Wolfer, based on :

Khaleghi, A. and Lugosi, G. (2023). Inferring the mixing properties of a stationary ergodic process
from a single sample-path. IEEE Transactions on Information Theory.

This seems to be a difficult problem !
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Thank you !

Our project “SafeTime : Safe Decisions via Adaptive Learning
of Time Series” will be funded from July 1st by

possible post-doc position in 2027, reach me if you are
interested !
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