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o PAC-Bayes bounds : introduction
@ Generalization bounds and PAC-Bayes
@ Minimization of the PAC-Bayes bound
@ Extensions

© PAC-Bayes bounds for Markov chains
@ Markov chains
o A PAC-Bayes bound based on the pseudo-spectral gap
@ Empirical bound
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Generalization bounds and PAC-Bayes
Minimization of the PAC-Bayes bound
Extensions

PAC-Bayes bounds : introduction

@ Objects x € X, labels y € V.
@ Predictor : function fy : X — ) indexed by 6 € ©.

shark
heron

tiger
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Generalization bounds and PAC-Bayes
Minimization of the PAC-Bayes bound
Extensions

PAC-Bayes bounds : introduction

@ Prediction error measured through loss function ¢ :

4 (y, fé(X)) :

@ Risk :
R(0) := E(x,v)~p [5<Y, fe(X)ﬂ-

where P is the probability distribution of pairs
object-label we want to learn to classify.

@ Objective :

R* = glgg R(0).

e Data (X1, Y1),...,(X,, Y,) i.id. from P. Empirical risk :

R(0) = ié(Y;, fe(X;)>-

i=1
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Generalization bounds and PAC-Bayes
Minimization of the PAC-Bayes bound

PAC-Bayes bounds : introduction

Extensions

Toy example :
@ X uniform on [0, 1],

oY =2X—1]+e
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Generalization bounds and PAC-Bayes
Minimization of the PAC-Bayes bound

PAC-Bayes bounds : introduction

Extensions

@ Prediction by regular histogram with k-bins.
o Uy, fy(x)) = (v — fi(x))*

— k=10
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Generalization bounds and PAC-Bayes
Minimization of the PAC-Bayes bound

PAC-Bayes bounds : introduction

Extensions

@ Prediction by regular histogram with k-bins.
o Uy, fy(x)) = (v — fi(x))*
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Generalization bounds and PAC-Bayes
Minimization of the PAC-Bayes bound

PAC-Bayes bounds : introduction

Extensions

@ Prediction by regular histogram with k-bins.
o Uy, fy(x)) = (v — fi(x))*

— k=100
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Generalization bounds and PAC-Bayes
Minimization of the PAC-Bayes bound
Extensions

PAC-Bayes bounds : introduction

—— Empirical Risk.
al st Risk
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. . Generalization bounds and PAC-Bayes
PAC-Bayes bounds : introduction Minimization of the PAC-Bayes bound

Extensions

Law of large numbers : for a fixed 6,

n

Rol0) = = 3 ¢( Vi (X)) — R(O).

- n—o0
i=1

But 6 = 0((X1, Y1), ..., (Xn, Ya)) = O(S) learnt from data.

Can we quantify R(A) — R,(f) when  is learnt ? )

Various approaches :
@ Vapnik-Chervonenkis theory,
o algorithmic stability,
@ information bounds : MDL, PAC-Bayes, etc.
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Generalization bounds and PAC-Bayes
Minimization of the PAC-Bayes bound
Extensions

PAC-Bayes bounds : introduction

Assumption for
Unless specified otherwise, 0 < ¢ < 1 and data is i.i.d. from P.

Vapnik-Chervonenkis — classification () = {0,1})

With probability at least 1 — & on the data, for any 6 learnt

from the data,

8d log (%) + 8log (%)
n

R(9) < Ry(0) + \/

where d : the VC-dimension of the set of classifiers (5, 0 € @).J
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Generalization bounds and PAC-Bayes
Minimization of the PAC-Bayes bound

PAC-Bayes bounds : introduction

Extensions

Statistical estimation / ERM etc.

data ——— estimator
(X x YY) — ©

S— §=6(S8)

Randomized estimators :

(X xY)" —— M(O) ------ > ©
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Generalization bounds and PAC-Bayes
Minimization of the PAC-Bayes bound
Extensions

PAC-Bayes bounds : introduction

McAllester's PAC-Bayes bound

Fix a prior distribution 7 € M(©). With probability at least
1 — ) on the data S, for any probability distribution p learnt
on the data,

KL(p|r) + log (2£)

Eop[R(0)] < Epe,p[Ra(0)] + on

KL(p||w) = Kiillback-Leibler divergence between p and 7

@ p can be learnt on the data, so if we have a randomized
estimator p in mind, we can apply the bound to p = p.

@ we will see later that the bound is helpful to define good
randomized estimators p.
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Generalization bounds and PAC-Bayes
Minimization of the PAC-Bayes bound
Extensions

PAC-Bayes bounds : introduction

[ntuition on KL :

@ 7 uniform on A

% not defined here.
T

B ¢ A= KL(p|7) = 0.
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PAC-Bayes bounds : introduction

Extensions

Intuition on KL :

@ 7 uniform on A

A
"0 =Y
e p uniform on B
0 = 3759
b a0 _ VALL0)

- dm

Generalization bounds and PAC-Bayes
Minimization of the PAC-Bayes bound
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Generalization bounds and PAC-Bayes
Minimization of the PAC-Bayes bound
Extensions

PAC-Bayes bounds : introduction

[ntuition on KL :

A

By(x, r) ball centered on x, with radius r in RY

Nia

™

V(Ba(x;r)) =

vla| &

r¢g+1)

@ 7 uniform on A = B,(0, C)
@ p uniform on B = By(fo, €)

KL(p||7) = log :jgg; = dlog %
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. . Generalization bounds and PAC-Bayes
PAC-Bayes bounds : introduction Minimization of the PAC-Bayes bound
Extensions

McAllester's PAC-Bayes bound

KL (pl|) + log (27
2n '

Eo,[R(0)] < Egp[Ra(6)] +

@ 7 uniform on © = B,4(0, C)
@ p = j uniform on By(0, )

dlog % + log <¥>

Eo5[R(0)] < Eop[Rn(0)] + 2n
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Generalization bounds and PAC-Bayes
Minimization of the PAC-Bayes bound
Extensions

PAC-Bayes bounds : introduction

Toy classification example :
e X;e[-1,1],
o classifiers (fy)per—1,1] given by

0ifx<#0
()= 1irx>o.
o Y = (X))
@ o0—O o—- - @
-1 +1
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Generalization bounds and PAC-Bayes
Minimization of the PAC-Bayes bound

PAC-Bayes bounds : introduction

Extensions

Vapnik-type bound :

8log (2en) + 8log (%)
n

R(0) <
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introduction

PAC-Bayes bounds :

Generalization bounds and PAC-Bayes
Minimization of the PAC-Bayes bound
Extensions

PAC-Bayes :
@ 7 uniform on [—1, 1],

@ p uniform on [a, b].

2 2

b—a

NG
é

log + log (

)

Egs[R(0)] <

Pierre Alquier, ESSEC Business School

2n

Empirical PAC-Bayes bounds for Markov chains



Generalization bounds and PAC-Bayes
Minimization of the PAC-Bayes bound
Extensions

PAC-Bayes bounds : introduction
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Generalization bounds and PAC-Bayes
Minimization of the PAC-Bayes bound

PAC-Bayes bounds : introduction

Extensions

AR,(8)

FLAT
MINIMUM

> 0
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Generalization bounds and PAC-Bayes
Minimization of the PAC-Bayes bound

PAC-Bayes bounds : introduction

Extensions

Minimization of the PAC-Bayes bound. )
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Generalization bounds and PAC-Bayes
Minimization of the PAC-Bayes bound
Extensions

PAC-Bayes bounds : introduction

McAllester's PAC-Bayes bound
Fix prior 1 € M(©). With proba. at least 1 — §, Vp € M(©),

KL(pl|7) + log (2£7)

Egp[R(0)] < Eonp[Rn(0)] + 2n

Eop[R(0)] < Eop[Rn(9)]

{KL(,O“?T) + log (%ﬁ) A }

+ inf
A>0

A 8n
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Generalization bounds and PAC-Bayes
Minimization of the PAC-Bayes bound
Extensions

PAC-Bayes bounds : introduction

VA > 0, B, [R(8)] < Ege [R(6)]

v

Definition - Gibbs posterior

R _exp(—AR,(0))
a(dO) = EﬁNﬂ[exp(—)\Rn(ﬁ))]W(dg)'

KL
7\ = argmin {EQNP[R,,(H)] + M} :
pEM(O) A

N

.

Sampling from @, by Monte-Carlo techniques...
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Generalization bounds and PAC-Bayes
Minimization of the PAC-Bayes bound

PAC-Bayes bounds : introduction

Extensions

Example : quantile regression. )
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Generalization bounds and PAC-Bayes
Minimization of the PAC-Bayes bound
Extensions

PAC-Bayes bounds : introduction

Algorithms :
@ importance sampling

B Alquier, P. and Li, X. (2012). Prediction of quantiles by statistical learning and application to

GDP forecasting. 15th International Conference on Discovery Science.

)

@ Lanvegin Monte-Carlo

Osy1 = 0s —nV log A (0s) + /2nWs
= 0s + AV RA(0s) — nV log w(0) + /2nWs

B Mai, T. T. (2025). A sparse PAC-Bayesian approach for high-dimensional quantile prediction.
Statistics and Computing.

)
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Generalization bounds and PAC-Bayes
Minimization of the PAC-Bayes bound

PAC-Bayes bounds : introduction

Extensions

Approximate minimization of the PAC-Bayes bound. J
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Generalization bounds and PAC-Bayes
Minimization of the PAC-Bayes bound
Extensions

PAC-Bayes bounds : introduction

YA > 0, Eou [R(0)] < Eoop[Ra(6)]

Alternative approach : optimize p in a smaller set 7 & M(©).

Definition - variational approximation of Gibbs posterior

I T

A

Example : p = N(p, X), optimize (u, X).
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PAC-Bayes bounds : introduction

Generalization bounds and PAC-Bayes
Minimization of the PAC-Bayes bound
Extensions

Example : Gaussian prior 7, and we optimize a Gaussian

posterior p :

m = N (0, %0) and p = N (1, 1) in RY.

L(pllw) =

tr(leo_l) —d

N~

detZo

— — |
+ (1 — 110) "0 (11 — o) + ey
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Generalization bounds and PAC-Bayes
Minimization of the PAC-Bayes bound
Extensions

PAC-Bayes bounds : introduction

7 =N (o, o) and p = N(u1,%1) in R.

112, (o — 111)? 2,
KL el I Ve . ST
(pllm) =3 Y, T %, 8%
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Generalization bounds and PAC-Bayes
Minimization of the PAC-Bayes bound
Extensions

PAC-Bayes bounds : introduction

If 111 goes far away from g to oo,

_ 2
KL(p||7) ~ (o —m)*
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Generalization bounds and PAC-Bayes
Minimization of the PAC-Bayes bound

PAC-Bayes bounds : introduction

Extensions

[

If X1 — 0,

1 >
KL(p||7) ~ 5 log Z_? — 00.
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Generalization bounds and PAC-Bayes
Minimization of the PAC-Bayes bound

PAC-Bayes bounds : introduction

Extensions

3 o
C
>+
h~)

With a sharp minimum, to keep

E9~N(§,Zl)[Rn(‘9)] ~ R,,(GA),

Y should be small, and thus KL(p||7) will be large.
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PAC-Bayes bounds : introduction

Generalization bounds and PAC-Bayes

Minimization of the PAC-Bayes bound
Extensions

3 o
C
o>+
S

With a flat minimum,

EQNN(é,zl)[Rn(e)] ~ R,,(QA)

for X1 “not so small”, thus KL(p||7) does not have to be large.
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Generalization bounds and PAC-Bayes
Minimization of the PAC-Bayes bound
Extensions

PAC-Bayes bounds : introduction

P = Pum,s1 — N(:uh Z1) - N(va UUT)

i KL(p||m
;TIB {E0~N(u1,UUT)[R,,(9)] + %} . J

Egonr(ur,0um)[Ra(0)] = Eemnro.n[Ra(p1 + UE)].

Stochastic Gradient Algorithm

Random initialization of ;; and U, then iterate :
@ sample £ ~ N(0, 1),
@ update

{ H1 — H1 — naim[Rn(,ul + Ué) =+ KL(pMLZl “ﬂ-)]
U U—=nZ[Ra(pa + UE) + KL(pyy 5, [|7)]
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Generalization bounds and PAC-Bayes
Minimization of the PAC-Bayes bound

PAC-Bayes bounds : introduction

Extensions

Application : generalization bounds for deep learning. J
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Generalization bounds and PAC-Bayes
Minimization of the PAC-Bayes bound

PAC-Bayes bounds : introduction

Extensions

Computing Nonvacuous Generalization Bounds for Deep (Stochastic) Neural
Networks with Many More Parameters than Training Data

Train a neural network for
classification (0-1 loss). Gl Kt et

University of Cambridge University of Toronto

millons of coraponeats optimized numerically
Tl reion i weiht s with low e

Vapnik-type bound usually
ead to something larger
than 1, for example :

m solutions with ow test eor, One

To put this in concrete
ing even 72 hidden units in a ully connected
lds vacuous PAC bou

me.
A Logically, in order 1o explain generalization,

we need nonvacuous bounds. We return to an

. ide by Langfrs and Cavna GO0, who

— used PAC-Bayes bounds to comput

o namerica bounds on generzation eror

for stochastic two-layer two-hidden-unit neural

networks via a sensitvity analysis. By optimiz-

ng the P-\CBlyubumldd ctly, we are able.

end and 3 o al -

A Tor deep stochast de,the Fasha ore important than

— el network clasiers wih mion of i VC dimension for characteizing generalization. In

S — é‘ f rameters trained on only tens of thousands of particular, Bardett established classification error bounds

in terms of the empirical margin and the fatshattering

‘and old work on fat minima and MDL-based dimension. and then gave fat-shattering bounds for neu-

the bound brings no infor- TR e

. 1 INTRODUCTION sian complexity by Bartlett and Mendelson [BM02] and

Koltchinskii and Panchenko [KP02].
mation (va cuou s) . DY Py WS N 1 st oot ot
wyed ounds on 1 of neural network i It

generalization emor of deep stochastic neural networks
with millions of parameters, despite the training data sets
being one or more orders of magnitude smaller than the.
number of parameters. To our knowledge, these are the
first explicit and nonvacuious numerical bounds computed

i widely aceepted that these bounds expl:
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Generalization bounds and PAC-Bayes
Minimization of the PAC-Bayes bound
Extensions

PAC-Bayes bounds : introduction

Experiment T-600 T-1200 T-300% T-600° T-1200> T-600° R-600
Train error 0.00I 0.002 0.000 0000 0000 0.000 0.007
Test error 0.018 0018 0015 0016 0015 0013 0508

SNN trainerror ~ 0.028  0.027  0.027  0.028 0.029 0.027  0.112
SNN test error 0.034 0.035 0.034 0.033 0.035 0.032  0.503
PAC-Bayes bound 0.161  0.179  0.170  0.186 0.223 0.201 1.352
KL divergence 5144 5977 5791 6534 8558 7861 201131
# parameters 471k 943k 326k 832k 2384k 1193k 472k
VC dimension 26m 56m 26m 66m 187m 121m 26m

Table 1: Results for experiments on binary class variant of MNIST. SGD is either trained on (T) true labels or
(R) random labels. The network architecture is expressed as N'*, indicating L hidden layers with N nodes each.
Errors are classification error. The reported VC dimension is the best known upper bound (in millions) for ReLU
networks. The SNN error rates are tight upper bounds (see text for details). The PAC-Bayes bounds upper bound
the test error with probability 0.965.

Results taken from

@ Dzuigaite, G. K. and Roy, D. M. (2017). Computing Nonvacuous Generalization Bounds for Deep
(Stochastic) Neural Networks with Many More Parameters than Training Data. UAI.
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Generalization bounds and PAC-Bayes
Minimization of the PAC-Bayes bound

PAC-Bayes bounds : introduction

Extensions

Extensions. )
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PAC-Bayes bounds :

introduction

PAC-Bayesian Model Averaging

David A. MeAllester
ATAT Shaonon Labs

180 Park Avenie
Flotham Park, NJ 079320971
dmac@research att.com

Abstract

PAC-Bayesian learning methods combine the.
informative priors of Bayesian methods with

caxlier methods for PAC-Bay 5
tion, this paper presents & method for PAC
jan model averagiog. con.

bounded loss is als given.

1 INTRODUCTION

APACBayeian approschtomachin lacingatempts
to combine the advantages of and Bayesian

approaches 12, 8]. TheBAyumm proch s e 1.

tage that one can prov es for gonoralization
error without assuming the truth of the prior. A PAC-
s of the PAC

a
Tearning oy i d

thus all corporation of domain i

uad yst provides u guarates o genralaaion error

hat I independent of any trath o the

PAC Bayesian approashes ate relaied 10 s

ret this

of the concept oF shode ad the
tosciption length”, or “like

oo compuze ot sy snd cprtmmtty by
Kearns ot al. in (6. T
i Bavestan and DL 3
experimental settings where the Bayesian assui
fil. A PAC-Bayesian approach uses prior dists
analogons to that used in MAP or MDL but provides
a theoretical guarantee agaiost over-fitting independent
of the truth of the prior.

lex work on PAC-Bayestan algorithms has o
cused on model selction —selecting cither a single con-

mod-
the” a trigram
model with a bigram model and smooths the bigram
model with & vaigram model bin Is os-
sential for minimizing the cross entropy between, say,

of the tring daa. Unr this terproasion of SR, 15 buid an overly large ree which ovrdia e i
B maimom i tho data (1151, An

posteio probabilty (AT slorthm) ar viewed s a
kind of SRM algorithm. Various approaches to SRM

pr o construct a weighted mix-
tureof the. of the original over-i tree. 10 is pos-
sible o consiruct aconeisoreprsenation of a weighti

P many di 13.9,4].

tures. A weighted mixture which gives too much weight
to models with low prior probability will over-fit the

Generalization bounds and PAC-Bayes
Minimization of the PAC-Bayes bound

Extensions

Seminal  paper, that
contains the bound stated
earlier today.

Since then, various bounds
published
tighter,

with less assumptions

(i.i.d, bounded loss),

easier to optimize,

PAC-Bayes b



o . Generalization bounds and PAC-Bayes
PAC-Bayes bounds : introduction Minimization of the PAC-Bayes bound
Extensions

Catoni's PAC-Bayes bound, 2003
Fix A > 0 and 7. With proba. at least 1 — § on S, for any p,

KL(jl) +log} A
A 8n’

EgNﬁ[R(e)] < EQNﬁ[Rn(e)] +

ﬁ Catoni, O. (2003). A PAC-Bayesian approach to adaptive classification. Preprint LPMA 840.

ﬁ Zhang, T. (2006). Information-theoretic upper and lower bounds for statistical estimation IEEE
Transactions on Information Theory.
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Generalization bounds and PAC-Bayes
Minimization of the PAC-Bayes bound
Extensions

PAC-Bayes bounds : introduction
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Generalization bounds and PAC-Bayes
Minimization of the PAC-Bayes bound
Extensions

PAC-Bayes bounds : introduction

Definition — -mixing coefficient

o(AB) = sup |P(BIA)~B(B)|
AeA,BeB

Pe = Sup 90(0(~ s Xee1, Xe), 0 (XKoo, Xegovrs - - )) .

teN

Theorem — essentially from Alquier and Li (2012)
Fix A > 0 and 7. With proba. at least 1 — 6 on S, for any p,

Eos[R(0)]

< Eop[Rn(0)]

KL(pl|m) +log: A1 +2352, @)
v A v 8n '
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Markov chains
A PAC-Bayes bound based on the pseudo-spectral gap
Empirical bound

PAC-Bayes bounds for Markov chains

© PAC-Bayes bounds for Markov chains
@ Markov chains
o A PAC-Bayes bound based on the pseudo-spectral gap
@ Empirical bound
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Markov chains
A PAC-Bayes bound based on the pseudo-spectral gap

PAC-Bayes bounds for Markov chains Tttt (e

ﬁ Karagulyan, V. and Alquier, P. (2026). Empirical PAC-Bayes bounds for Markov chains. AISTATS.J
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Markov chains
A PAC-Bayes bound based on the pseudo-spectral gap
Empirical bound

PAC-Bayes bounds for Markov chains

Loss €<y, f};(x)).

Objects Xy, ..., X, is a Markov chain with transition
kernel P :

P(Xii1 € AX; = x) = P(x, A) = /A P(x, dy).

Labels Y;|X; = x ~ Q(x,-).
Empirical risk : R,(0) = £ >7 1€<Y,-, f@(X,')).

n

Stationary distribution 7 : 7P = 7.
Risk : R(0) ‘= Ex_.Ey_q(x [f(v fg(X))}
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Markov chains
A PAC-Bayes bound based on the pseudo-spectral gap

PAC-Bayes bounds for Markov chains Srieiities eut

Definition : reversal kernel
We put

P(v,du)m(dv)
7(duw)

P*(u,dv) =

@ interpretation : in the stationary regime, the distribution
Of (Xt7 Xt+1) |S

W(Xt)P(Xt, dXt+1) — P*(Xt+1,dxt)7T(Xt+1).

@ note that P*P is also a Markov kernel.
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Markov chains
A PAC-Bayes bound based on the pseudo-spectral gap

PAC-Bayes bounds for Markov chains

Empirical bound

Definition
For a Markov kernel M, 1 is an eigenvalue of M. Let m;
denote its multiplicity. Define :

0ifm1>1,

(M) =
1 —sup{\ €sp(M), A <1} otherwise.

Definition — pseudo spectral-gap

‘= max MRS ((P*)kpk)
Vps = e K :

| \_

.

@ Paulin, D. (2015). Concentration inequalities for Markov chains by Marton couplings and spectral

methods. Electronic Journal of Probability. )
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Markov chains
A PAC-Bayes bound based on the pseudo-spectral gap
Empirical bound

PAC-Bayes bounds for Markov chains

Fix 0 < A < 55 and a prior u. With probability at least 1 — ¢
on S, for any p,

KL(p||ln) +log:  8X
Eg-p[R(O)] < EamplRo(6)] + ”;‘3 55 &
ps
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Markov chains
A PAC-Bayes bound based on the pseudo-spectral gap
Empirical bound

PAC-Bayes bounds for Markov chains

Assume we have an estimator 4,5 of 7,5 such that

"

With probability at least 1 — § — a on S, for any p,

“Vps

Vps

— 1’ > e) < a(n, € vps) =: @

KL(pl|p) +logt  8A
Eos[R(0)] < Eop[Ra(0)] + (1 + €) (pH)f%) 5 =,
ps
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Example : finite state space {1,...,d}

@ Wolfer, G. and Kontorovich, A. (2019). Estimating the mixing time of ergodic Markov chains.
COLT.

@ Wolfer, G. and Kontorovich, A. (2024). Improved estimation of relaxation time in nonreversible
Markov chains. The Annals of Applied Probability.

N (i,j) = 1 [ X@enk = i, Xipek = J]

=
=
—
~.
~—

=

. P Nk(i j)
Xipe—1k = 1], and L¥(i,j) = ———Z=—
Hsen=1] NE()N()

Note : [* estimates Lk = diag(r)z Pkdiag(r) 2.

Fix K > 0, put 4psx = max {7(([")TZ")/k, 1<k< K}.
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Proposition (Wolfer and Kontorovich)

For K = [2], we have
“(

o — APl min(d, |Pll)

JesK _ 1‘ > e) < afn, €)= @
Yps

where

1
2 2 . .

ex —ne min 7r; min —_— .
Yps Min1<jcq i P( Tos 2127 (”"S’dmin(d,HPHw)))

With probability at least 1 —§ — @ on S, for any p,

KL(plln) +log3 8\
)‘/}\/ps,K n ‘

Eg5[R(0)] < Eos[Rn(0)] + (1 +¢)
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dim=20
1.0 1.0 4
a a
8 0.8 808
T S
5 0.6 £ 0.6
@ @
& &
° 0.4+ ° 0.4 4
g . ~
0 0.2 1 —e— Estimated Pseudo Spectral Gap | § 0-2 1 —8— Estimated Pseudo Spectral Gap
& 00 =»=- Actual Pseudo Spectral Gap & 0.0 ==~ Actual Pseudo Spectral Gap
T T T T T (V‘ : T T T T T (V‘
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Interpolation Parameter t Interpolation Parameter t
n=1000 n=10000
1.0 1.0
a a
& 0.84 8 0.84
T T
£ 0.6 £ 0.6
g 2 g
%) ] 0 ]
o 0.4 X ° 0.4
E xe® | |3
9 0.2 1 —e— Estimated Pseudo Spectral Gap | & 0.2 1 —e— Estimated Pseudo Spectral Gap
& 0.0 =»=- Actual Pseudo Spectral Gap & 0.0 =%~ Actual Pseudo Spectral Gap
T T T T T (V‘ . T T T T T (V‘
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Interpolation Parameter t Interpolation Parameter t
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dim=20

@ n=10 @ n=100

% 1251 < T

] ’ —— Estimated PAC-Bayes Bound : B —— Estimated PAC-Bayes Bound :

© 10.0 1 =%~ Actual PAC-Bayes Bound : ° -»- Actual PAC-Bayes Bound x
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E 7.5 Il S %

= ] Z o

2 5.0 P 2 X
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D 25 epanneenenyiiiseeste |

4 o

> >
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@ Infinite case : not possible to estimate v, in general.

@ However, under additional assumptions, this can be
feasible. For example :

Proposition
Assume there is a € [—1, 1] such that

Xt+1 = aXt + Et, W|th Er N(O, 1)

Then

Yps = 1 — a°.

@ Going beyond the Markov case ?
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Theorem — essentially from Alquier and Li (2012)
Fix A > 0 and 7. With proba. at least 1 — 6 on S, for any p,

Eop[R(0)]

KL(p||7) + log N AL +232, )

< R
<Ep g R0+ —5 o

Can we estimate the whole sequence (/);~o or even simply
the sum & = 5" /7
Research in progress by G. Wolfer, based on :

@ Khaleghi, A. and Lugosi, G. (2023). Inferring the mixing properties of a stationary ergodic processJ

from a single sample-path. IEEE Transactions on Information Theory.

This seems to be a difficult problem!
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Thank you'!

Our project “SafeTime : Safe Decisions via Adaptive Learning
of Time Series” will be funded from July 1st by

FRANCE

— CERGY PARIS ,
(@ UNIVERSITE SSEC

Initiative of excellence

rH

possible post-doc position in 2027, reach me if you are
interested !
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