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Objects x ∈ X , labels y ∈ Y .
Predictor : function fθ : X → Y indexed by θ ∈ Θ.

fox
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heron

tiger

. . .
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Prediction error measured through loss function ℓ :

ℓ
(
y , fθ(x)

)
.

Risk :
R(θ) := E(X ,Y )∼P

[
ℓ
(
Y , fθ(X )

)]
where P is the probability distribution of pairs
object-label we want to learn to classify.
Objective :

R∗ = inf
θ∈Θ

R(θ).

Data (X1,Y1), . . . , (Xn,Yn) i.i.d. from P. Empirical risk :

Rn(θ) =
1
n

n∑
i=1

ℓ
(
Yi , fθ(Xi)

)
.

Pierre Alquier, ESSEC Business School PAC-Bayes
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Toy example :
X uniform on [0, 1],
Y = |2X − 1|+ ϵ.
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Prediction by regular histogram with k-bins.
ℓ(y , fθ(x)) = (y − fθ(x))

2.
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Law of large numbers : for a fixed θ,

Rn(θ) =
1
n

n∑
i=1

ℓ
(
Yi , fθ(Xi)

)
−−−→
n→∞

R(θ).

But θ̂ = θ̂((X1,Y1), . . . , (Xn,Yn)) = θ̂(S) learnt from data.

Can we quantify R(θ̂)− Rn(θ̂) when θ̂ is learnt ?

Various approaches :
Vapnik-Chervonenkis theory,
algorithmic stability,
information bounds : MDL, PAC-Bayes, etc.

Pierre Alquier, ESSEC Business School PAC-Bayes
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Assumption for whole WEEK
Unless specified otherwise, 0 ≤ ℓ ≤ 1 and data is i.i.d. from P .

Vapnik-Chervonenkis – classification (Y = {0, 1})

With probability at least 1− δ on the data, for any θ̂ learnt
from the data,

R(θ̂) ≤ Rn(θ̂) +

√
8d log

(
2en
d

)
+ 8 log

(
4
δ

)
n

where d : the VC-dimension of the set of classifiers (fθ, θ ∈ Θ).
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Statistical estimation / ERM etc.

data estimator

(X × Y)n Θ

S θ̂ = θ̂(S)

Randomized estimators :

(X × Y)n M(Θ) Θ

S ρ̂ = ρ̂(S) θ
θ∼ρ̂

Pierre Alquier, ESSEC Business School PAC-Bayes
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McAllester’s PAC-Bayes bound
Fix a prior distribution π ∈M(Θ). With probability at least
1− δ on the data S, for any probability distribution ρ learnt
on the data,

Eθ∼ρ[R(θ)] ≤ Eθ∼ρ[Rn(θ)] +

√√√√KL(ρ∥π) + log
(

2
√
n

δ

)
2n

.

KL(ρ∥π) = Küllback-Leibler divergence between ρ and π

Pierre Alquier, ESSEC Business School PAC-Bayes
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KL(ρ∥π) = Küllback-Leibler divergence between ρ and π

discrete case :

KL(ρ∥π) =
∑
θ∈Θ

ρ(θ) log
ρ(θ)

π(θ)

and KL(ρ∥π) =∞ if for some θ, π(θ) = 0 and ρ(θ) > 0.
general case

KL(ρ∥π) = Eθ∼ρ

[
log

dρ
dπ

(θ)

]
and KL(ρ∥π) =∞ is ρ has no density dρ

dπ w.r.t. π...

KL(ρ∥π) ≥ 0 and KL(ρ∥π) = 0⇔ ρ = π.

Pierre Alquier, ESSEC Business School PAC-Bayes
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Intuition on KL :

π uniform on A

π(θ) =
1A(θ)
V(A)

ρ uniform on B

ρ(θ) =
1B(θ)
V(B)

dρ
dπ

not defined here.

B ⊈ A⇒ KL(ρ∥π) = +∞.

Pierre Alquier, ESSEC Business School PAC-Bayes
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Intuition on KL :

π uniform on A

π(θ) =
1A(θ)
V(A)

ρ uniform on B

ρ(θ) =
1B(θ)
V(B)

B ⊆ A⇒ dρ
dπ

(θ) =
V(A)1B(θ)
V(B)

KL(ρ∥π) = Eθ∼ρ

[
log

dρ
dπ

(θ)

]
= log

V(A)
V(B)

.
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Intuition on KL :

Bd (x , r) ball centered on x , with radius r in Rd

V(Bd (x , r)) =
rdπ

d
2

Γ( d2 + 1)

π uniform on A = Bd(0,C )
ρ uniform on B = Bd(θ0, ϵ)

KL(ρ∥π) = log
V(A)
V(B)

= d log
C

ϵ
.
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McAllester’s PAC-Bayes bound

Eθ∼ρ[R(θ)] ≤ Eθ∼ρ[Rn(θ)] +

√√√√KL(ρ∥π) + log
(

2
√
n

δ

)
2n

.

π uniform on Θ = Bd(0,C )
ρ = ρ̂ uniform on Bd(θ̂, ϵ)

Eθ∼ρ̂[R(θ)] ≤ Eθ∼ρ̂[Rn(θ)] +

√√√√d log C
ϵ
+ log

(
2
√
n

δ

)
2n

.
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Minimization of the PAC-Bayes bound.
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McAllester’s PAC-Bayes bound
Fix prior π ∈M(Θ). With proba. at least 1− δ, ∀ρ ∈M(Θ),

Eθ∼ρ[R(θ)] ≤ Eθ∼ρ[Rn(θ)] +

√√√√KL(ρ∥π) + log
(

2
√
n

δ

)
2n

.

√
a

b
= inf

λ>0

{
a

λ
+

λ

4b

}
.

Eθ∼ρ[R(θ)] ≤ Eθ∼ρ[Rn(θ)]

+ inf
λ>0

{
KL(ρ∥π) + log

(
2
√
n

δ

)
λ

+
λ

8n

}
.
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∀λ > 0, Eθ∼ρ[R(θ)] ≤ Eθ∼ρ[Rn(θ)]

+
KL(ρ∥π) + log

(
2
√
n

δ

)
λ

+
λ

8n
.

Definition - Gibbs posterior

π̂λ(dθ) =
exp(−λRn(θ))

Eϑ∼π[exp(−λRn(ϑ))]
π(dθ).

Proposition

π̂λ = argmin
ρ∈M(Θ)

{
Eθ∼ρ[Rn(θ)] +

KL(ρ∥π)
λ

}
.

Sampling from π̂λ by Monte-Carlo techniques...
Pierre Alquier, ESSEC Business School PAC-Bayes



Introduction : Generalization Bounds and PAC-Bayes
Excess Risk Bounds and Mutual Information Bounds

Empirical PAC-Bayes Bounds for Time Series

Generalization Bounds
Minimization of the PAC-Bayes Bound
Catoni’s PAC-Bayes Bound and its Proof

Lemma (Donsker-Varadhan’s variational formula)

Let h(θ) be any bounded, measurable function of θ. Then

F (ρ) := Eθ∼ρ[h(θ)]−KL(ρ∥π)

reaches its unique maximum at ρ∗ defined by

dρ∗

dπ
(θ) =

exp(h(θ))

Eϑ∼ρ[h(ϑ)]

and
F (ρ∗) = logEθ∼π exp[h(θ)].

To prove the previous proposition : h(θ)← −λRn(θ).

Pierre Alquier, ESSEC Business School PAC-Bayes
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Proof of the Lemma.

KL(ρ∥ρ∗) = Eθ∼ρ

[
log

dρ
dρ∗

(θ)

]
= Eθ∼ρ

[
log
Eϑ∼π[h(ϑ)]

exp(h(θ))

dρ
dπ

(θ)

]
= Eθ∼ρ

[
log

dρ
dπ

(θ)

]
− Eθ∼ρ[h(θ)] + logEϑ∼π[h(ϑ)]

≥ 0

with equality if and only if ρ = ρ∗.

Pierre Alquier, ESSEC Business School PAC-Bayes
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Approximate minimization of the PAC-Bayes bound.
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∀λ > 0, Eθ∼ρ[R(θ)] ≤ Eθ∼ρ[Rn(θ)]

+
KL(ρ∥π) + log

(
2
√
n

δ

)
λ

+
λ

8n
.

Alternative approach : optimize ρ in a smaller set F ⊊M(Θ).

Definition - variational approximation of Gibbs posterior

ρ̃λ = argmin
ρ∈F

{
Eθ∼ρ[Rn(θ)] +

KL(ρ∥π)
λ

}
.

Example : ρ = N (µ,Σ), optimize (µ,Σ).

Pierre Alquier, ESSEC Business School PAC-Bayes
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Application : generalization bounds for deep learning.

Pierre Alquier, ESSEC Business School PAC-Bayes



Introduction : Generalization Bounds and PAC-Bayes
Excess Risk Bounds and Mutual Information Bounds

Empirical PAC-Bayes Bounds for Time Series

Generalization Bounds
Minimization of the PAC-Bayes Bound
Catoni’s PAC-Bayes Bound and its Proof

Train a neural network for
classification (0-1 loss).

Vapnik-type bound usually
lead to something larger
than 1, for example :

R(θ̂) ≤ 35.4

As R(θ̂) = P(Y ̸= fθ̂(X )),
the bound brings no infor-
mation (vacuous).

Pierre Alquier, ESSEC Business School PAC-Bayes
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Results taken from :

Dzuigaite, G. K. and Roy, D. M. (2017). Computing Nonvacuous Generalization Bounds for Deep
(Stochastic) Neural Networks with Many More Parameters than Training Data. UAI.

Pierre Alquier, ESSEC Business School PAC-Bayes
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Catoni’s PAC-Bayes Bound (with Proof !)
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Seminal paper, that
contains the bound stated
earlier today.

Since then, various bounds
published :

tighter,
with less assumptions
(i.i.d, bounded loss),
easier to optimize,
...

Pierre Alquier, ESSEC Business School PAC-Bayes
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Classical references :

Connections with information theory
and MDL.

Very tight bounds, applications to
Support Vector Machines.

Pierre Alquier, ESSEC Business School PAC-Bayes
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Catoni’s PAC-Bayes bound, 2003
Fix λ > 0 and π. With proba. at least 1− δ on S, for any ρ̂,

Eθ∼ρ̂[R(θ)] ≤ Eθ∼ρ̂[Rn(θ)] +
KL(ρ̂∥π) + log 1

δ

λ
+

λ

8n
.

Catoni, O. (2003). A PAC-Bayesian approach to adaptive classification. Preprint LPMA 840.

Cons : not optimized in λ.
Pros : easily generalized to other settings.

Pierre Alquier, ESSEC Business School PAC-Bayes
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Proof of Catoni’s bound : step 1.

Hoeffding’s lemma
Let U be a random variable with a ≤ U ≤ b almost surely and
E(U) = 0. Then, for any s ∈ R,

E[exp(sU)] ≤ exp

(
s2(b − a)2

8

)
.

Pierre Alquier, ESSEC Business School PAC-Bayes
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Proof of Hoeffding’s lemma. Put f (s) = logE[exp(sU)].
By differentiation under the integral sign theorems :

f ′(s) =
E[U exp(sU)]

E[exp(sU)]
=

∫
[a,b]

u
exp(su)

E[exp(sU)]
PU(du) =

∫
[a,b]

uPV (du)

= E(V ) for some a ≤ V ≤ b.

Check :

f ′′(s) = Var(V ) ≤ (b − a)2

4
.

Finally :

f (s) = f (0) + sf ′(0) +
∫ s

0
f ′′(t)(s − t)dt

≤ 0 + 0 +

∫ s

0

(b − a)2

4
(s − t)dt =

s2(b − a)2

8
.

Pierre Alquier, ESSEC Business School PAC-Bayes
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Proof of Catoni’s bound : step 2.

Put ℓi (θ) := ℓ(Yi , fθ(Xi )) for short.

ES exp

{
λ
[
R(θ)− Rn(θ)

]}
= ES exp

{
λ

n

[
n∑

i=1

(ES [ℓi (θ)]− ℓi (θ))

]}

=
n∏

i=1

ES exp

{
λ

n
[ES [ℓi (θ)]− ℓi (θ)]

}

≤
n∏

i=1

exp

(
λ2

8n2

)
thanks to Hoeffding.

Lemma : exponential moment of the risk

∀λ ∈ R, ES exp

{
λ
[
R(θ)− Rn(θ)

]
− λ2

8n

}
≤ 1.

Pierre Alquier, ESSEC Business School PAC-Bayes
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Proof of Catoni’s bound : step 3.

Integrate the previous lemma with respect to π, and use
Fubini’s theorem to get :

ESEθ∼π exp

{
λ
[
R(θ)− Rn(θ)

]
− λ2

8n

}
≤ 1.

Remind Donsker-Varadhan’s formula :

logEθ∼π exp[h(θ)] = sup
ρ

[Eθ∼ρ[h(θ)]−KL(ρ∥π)] .

Catoni’s PAC-Bayes key lemma

∀λ ∈ R,

ES exp sup
ρ

{
λEθ∼ρ

[
R(θ)− Rn(θ)

]
− λ2

8n
−KL(ρ∥π)

}
≤ 1.

Pierre Alquier, ESSEC Business School PAC-Bayes
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Proof of Catoni’s bound : final step.

ES exp sup
ρ

{
λEθ∼ρ

[
R(θ)− Rn(θ)

]
− λ2

8n
−KL(ρ∥π)

}
≤ 1.

Put δ ∈ (0, 1), use Markov’s inequality :

P
(
U ≥ log

1
δ

)
= P

(
exp(U) ≥ 1

δ

)
≤ δE[exp(U)] ≤ δ.

P
(
sup
ρ

{
λEθ∼ρ

[
R(θ)− Rn(θ)

]
− λ2

8n
−KL(ρ∥π)

}
≥ log

1
δ

)
≤ δ.

... what we wanted to prove
Fix λ > 0 and π. With proba. at least 1− δ on S, for any ρ̂,

Eθ∼ρ̂[R(θ)] ≤ Eθ∼ρ̂[Rn(θ)] +
KL(ρ̂∥π) + log 1

δ

λ
+

λ

8n
.

Pierre Alquier, ESSEC Business School PAC-Bayes
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Refresher :
Prediction error measured through loss function ℓ :

ℓ
(
y , fθ(x)

)
.

Risk :
R(θ) := E(X ,Y )∼P

[
ℓ
(
Y , fθ(X )

)]
.

Objective :
R∗ = inf

θ∈Θ
R(θ).

Data (X1,Y1), . . . , (Xn,Yn) i.i.d. from P. Empirical risk :

Rn(θ) =
1
n

n∑
i=1

ℓ
(
Yi , fθ(Xi)

)
.

Pierre Alquier, ESSEC Business School PAC-Bayes
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Statistical estimation / ERM etc.

data estimator

(X × Y)n Θ

S θ̂ = θ̂(S)

Randomized estimators :

(X × Y)n M(Θ) Θ

S ρ̂ = ρ̂(S) θ
θ∼ρ̂
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Yesterday, we proved :

Catoni’s PAC-Bayes bound, 2003
Fix λ > 0 and π. With proba. at least 1− δ on S, for any ρ̂,

Eθ∼ρ̂[R(θ)] ≤ Eθ∼ρ̂[Rn(θ)] +
KL(ρ̂∥π) + log 1

δ

λ
+

λ

8n
.

Pierre Alquier, ESSEC Business School PAC-Bayes
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In the proof, we stated the following :

Reminder : Catoni’s PAC-Bayes key lemma

ES exp sup
ρ

{
λEθ∼ρ

[
R(θ)− Rn(θ)

]
− λ2

8n
−KL(ρ∥π)

}
≤ 1.

ES exp

{
λEθ∼ρ̂

[
R(θ)− Rn(θ)

]
− λ2

8n
−KL(ρ̂∥π)

}
≤ 1.

Jensen’s inequality gives :

expES

{
λEθ∼ρ̂

[
R(θ)− Rn(θ)

]
− λ2

8n
−KL(ρ̂∥π)

}
≤ 1.

Pierre Alquier, ESSEC Business School PAC-Bayes
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Catoni’s PAC-Bayes bound in expectation, 2003
Fix λ > 0, π and a randomized estimator ρ̂.

ES

[
Eθ∼ρ̂[R(θ)]

]
≤ ES

[
Eθ∼ρ̂[Rn(θ)] +

KL(ρ̂∥π)
λ

+
λ

8n

]
.

Catoni, O. (2003). A PAC-Bayesian approach to adaptive classification. Preprint LPMA 840.

Zhang, T. (2006). Information-theoretic upper and lower bounds for statistical estimation IEEE
Transactions on Information Theory.

Note : sometimes refered to as “MAC-Bayes” for “Mean
Approximately Correct”...

Pierre Alquier, ESSEC Business School PAC-Bayes
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Reminder – Gibbs posterior

π̂λ = argmin
ρ∈M(Θ)

{
Eθ∼ρ[Rn(θ)] +

KL(ρ∥π)
λ

}
π̂λ(dθ) =

exp(−λRn(θ))

Eϑ∼π[exp(−λRn(ϑ)]
π(dθ).

Consequence of PAC-Bayes bound in expectation :

ES

[
Eθ∼π̂λ

[R(θ)]
]
≤ ES

[
Eθ∼π̂λ

[Rn(θ)] +
KL(π̂λ∥π)

λ
+

λ

8n

]

= ES inf
ρ

[
Eρ[Rn(θ)] +

KL(ρ∥π)
λ

+
λ

8n

]

≤ inf
ρ
ES

[
Eρ[Rn(θ)] +

KL(ρ∥π)
λ

+
λ

8n

]
.

Pierre Alquier, ESSEC Business School PAC-Bayes
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ES

[
Eθ∼π̂λ

[R(θ)]
]
≤ inf

ρ
ES

[
Eρ[Rn(θ)] +

KL(ρ∥π)
λ

+
λ

8n

]
.

ESEρ[Rn(θ)] = Eρ[ESRn(θ)] (Fubini-Tonelli)
= Eρ[R(θ)].

Catoni’s PAC-Bayes excess-risk bound, 2003
Fix λ > 0, π, and let π̂λ be the Gibbs posterior.

ES

[
Eθ∼π̂λ

[R(θ)]
]
≤ inf

ρ∈M(Θ)

[
Eθ∼ρ[R(θ)] +

KL(ρ∥π)
λ

+
λ

8n

]
.

In this result, we use π̂λ as our randomized estimator.
But to explicit the right-hand side, we can substitute
anything to ρ in the infimum...

Pierre Alquier, ESSEC Business School PAC-Bayes
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Illustration :

π uniform on Θ = Bd(0,C )
ρ uniform on Bd(θ

∗, ϵ) where
R(θ∗) = R∗.

KL(ρ∥π) = d log
C

ϵ
.

Assume θ 7→ ℓ(y , fθ(x)) is L-Lipschitz around θ∗, that is :

|ℓ(y , fθ(x))− ℓ(y , fθ∗(x))| ≤ L∥θ − θ∗∥.

By taking expectations :

R(θ)− R∗ = R(θ)− R(θ∗) ≤ L∥θ − θ∗∥.

Thus Eθ∼ρ[R(θ)] ≤ R∗ + Lϵ.
Pierre Alquier, ESSEC Business School PAC-Bayes
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ES

[
Eθ∼π̂λ

[R(θ)]
]
≤ inf

ϵ>0

[
R∗ + ϵ+

d log C
ϵ

λ
+

λ

8n

]
.

The bound is exactly minimized for ϵ = d/λ :

ES

[
Eθ∼π̂λ

[R(θ)]
]
≤ R∗ +

d

λ

(
1 + log

Cλ

d

)
+

λ

8n
.

In this case, we can calibrate the Gibbs posterior with
λ =

√
n/d which leads to

ES

[
Eθ∼π̂λ

[R(θ)]
]
≤ R∗ +O

(√
d

n
log

n

d

)
.

Pierre Alquier, ESSEC Business School PAC-Bayes
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Reminder : Catoni’s PAC-Bayes oracle bound

ES

[
Eθ∼π̂λ

[R(θ)]
]
≤ inf

ρ∈M(Θ)

[
Eθ∼ρ[R(θ)] +

KL(ρ∥π)
λ

+
λ

8n

]
.

Recap on the previous example :
π uniform on Bd(0,C ),
ρ uniform on Bd(θ

∗, ϵ),
L-Lipschitz loss function.

⇒ Eθ∼ρ[R(θ)] ≤ R∗ + Lϵ.

More generally, we can consider in the PAC-Bayes oracle
bound :

ρ = πδ := restriction of π to {θ : R(θ) ≤ R∗ + δ}.

Pierre Alquier, ESSEC Business School PAC-Bayes
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ρ = πδ := restriction of π to {θ : R(θ) ≤ R∗ + δ}.

Pierre Alquier, ESSEC Business School PAC-Bayes
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ES

[
Eθ∼π̂λ

[R(θ)]
]
≤ inf

δ>0

[
Eθ∼πδ

[R(θ)] +
KL(πδ∥π)

λ
+

λ

8n

]

≤ inf
δ>0

[
R∗ + δ +

log 1
π{θ:R(θ)≤R∗+δ}

λ
+

λ

8n

]
.

In the previous example,

log
1

π{θ : R(θ) ≤ R∗ + δ}
≤ d log

C

δ

and we obtained a bound in
√
d/n log(n/d).

Definition : the prior mass condition is satisfied if there are
C ,D > 0 such that, for any δ > 0 small enough,

log
1

π{θ : R(θ) ≤ R∗ + δ}
≤ D log

C

δ
.

Pierre Alquier, ESSEC Business School PAC-Bayes
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Theorem - excess risk bound
Assume the prior mass condition with C ,D > 0.
Fix λ =

√
n/D log(D/n), and let π̂λ be the Gibbs

posterior.

ES

[
Eθ∼π̂λ

[R(θ)]
]
≤ R∗ +O

(√
D

n
log

n

D

)
.

Pierre Alquier, ESSEC Business School PAC-Bayes



Introduction : Generalization Bounds and PAC-Bayes
Excess Risk Bounds and Mutual Information Bounds

Empirical PAC-Bayes Bounds for Time Series

From Empirical Bounds to Learning Rates
Fast Rates
Mutual Information Bounds

Fast Rates
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Seeger, M. (2002). PAC-Bayesian generalisation error bounds for Gaussian process classification.
Journal of Machine Learning Research.

Maurer, A. (2004). A note on the PAC-Bayesian theorem. Arxiv preprint arXiv :cs/0411099.

Tolstikhin, I. and Seldin, Y. (2013). PAC-Bayes-empirical-Bernstein inequality. NeurIPS.

Tolstikhin and Seldin’s PAC-Bayes bound, 2013
With proba. at least 1− δ, for any ρ,

Eθ∼ρ[R(θ)] ≤ Eθ∼ρ[Rn(θ)]

+

√
2Eθ∼ρ[Rn(θ)]

KL(ρ∥π) + log 2
√
n

δ

n

+ 2
KL(ρ∥π) + log 2

√
n

δ

n
.

Pierre Alquier, ESSEC Business School PAC-Bayes
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Tolstikhin and Seldin’s PAC-Bayes bound, 2013
With proba. at least 1− δ, for any ρ,

Eθ∼ρ[R(θ)] ≤ Eθ∼ρ[Rn(θ)]

+

√
2Eθ∼ρ[Rn(θ)]

KL(ρ∥π) + log 2
√
n

δ

n

+ 2
KL(ρ∥π) + log 2

√
n

δ

n
.

Key observation : if ρ is such that Eθ∼ρ[Rn(θ)] = 0, then

Eθ∼ρ[R(θ)] ≤ 2
KL(ρ∥π) + log 2

√
n

δ

n
.

It appears that such fast rates can occur beyond the
Eθ∼ρ[Rn(θ)] = 0 case.

Pierre Alquier, ESSEC Business School PAC-Bayes
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Example 1 : classification, ℓ(y , fθ(x)) = 1y ̸=fθ(x).

Recall :
η(x) = PS(Y = 1|X = x),
the “Bayes classifier” f ∗(x) = 1η(x)≥1/2.

Mammen and Tsybakov margin assumption
PS(|η(X )− 1/2| < τ) = 0 for some small enough τ > 0.
there is θ∗ such that f ∗ = fθ∗ .

Mammen, E. and Tsybakov, A. B. (1999). Smooth discrimination analysis. The Annals of
Statistics.

Tsybakov, A. B. (2003). Optimal rates of aggregation. COLT.

Under the margin assumption, they prove fast rates in 1
n

for
various predictors.

Pierre Alquier, ESSEC Business School PAC-Bayes



Introduction : Generalization Bounds and PAC-Bayes
Excess Risk Bounds and Mutual Information Bounds

Empirical PAC-Bayes Bounds for Time Series

From Empirical Bounds to Learning Rates
Fast Rates
Mutual Information Bounds

PS(|η(X )− 1/2| < τ) = 0 for some small enough τ > 0.

Pierre Alquier, ESSEC Business School PAC-Bayes
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Example 2 : “strongly convex, Lipschitz loss”.

For short, put g(θ) = gx ,y (θ) = ℓ(y , fθ(x)).

Assume there are L, α > 0 such that, for any x , y , there is a
δ(·, ·) = δx ,y (·, ·) ≥ 0 with

∀θ, g(θ) + g(θ∗)

2
− g

(
θ + θ∗

2

)
≥ 1

2α
δ2(θ, θ∗),

and g(θ)− g(θ∗) ≤ Lδ(θ, θ∗).

Bartlett, P. L., Jordan, M. I. and McAuliffe, J. D. (2003). Convexity, classification, and risk
bounds. Journal of the American Statistical Association.

→ fast rates also in this case.

Pierre Alquier, ESSEC Business School PAC-Bayes
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Definition – Bernstein condition
Bernstein condition is satisfied with constant K if

ES

[(
ℓ(Y , fθ(X ))− ℓ(Y , fθ∗(X ))

)2]
≤ K ES

[
ℓ(Y , fθ(X ))− ℓ(Y , fθ∗(X ))

]
︸ ︷︷ ︸

=R(θ)−R∗

.

Mammen & Tsybakov margin assumption

Bernstein condition fast rates

Bartlett et al. convexity condition

Pierre Alquier, ESSEC Business School PAC-Bayes
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Proof that Example 2 ⇒ Bernstein.

Put g(θ) = ℓ(Y , fθ(X )). Then

ES

[(
g(θ)− g(θ∗)

)2]
≤ L2ES

[
δ2(θ, θ∗)

)2]
≤ 2αL2ES

[
g(θ) + g(θ∗)

2
− g

(
θ + θ∗

2

)]
= 2αL2

[
R(θ) + R(θ∗)

2
− R

(
θ + θ∗

2

)]
≤ 2αL2

[
R(θ) + R(θ∗)

2
− R(θ∗)

]
= αL2[R(θ)− R(θ∗)].

Pierre Alquier, ESSEC Business School PAC-Bayes
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Let us re-examine elements of yesterday’s proof.

Reminder : lemma on exponential moment of risk

ES exp

{
−λ

n
[R(θ)− Rn(θ)]

}
≤ exp

(
λ2

8n

)
.

ES exp

{
−λ

n
[R(θ)− Rn(θ)]−

λ2

8n

}
≤ 1.

PS

{
R(θ) ≤ Rn(θ) +

λ

8n
+

log 1
δ

n

}
≤ δ.

λ ∼
√
n is the best choice...

Pierre Alquier, ESSEC Business School PAC-Bayes
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Alternative bound based on Bernstein’s inequality

ES exp

{
−λ

n
[R(θ)− R(θ∗)− Rn(θ) + Rn(θ

∗)]

}
≤ exp

(
λ2Var[ℓ(Y , fθ(X ))− ℓ(Y , fθ∗(X ))]

2(n − 2λ)

)
.

Constraint : λ ≤ n/4, and use Bernstein assumption

ES exp

{
−
λ

n
[R(θ)− R(θ∗)− Rn(θ) + Rn(θ

∗)]

}
≤ exp

(
λ2K [R(θ)− R(θ∗)]

n

)
.

⇒ PS

{(
1 −

λK

n

)
[R(θ)− R(θ∗)] ≤ Rn(θ)− R(θ∗) +

log 1
δ

λ

}
≤ δ.

We can take λ = cn for c small enough...

Pierre Alquier, ESSEC Business School PAC-Bayes



Introduction : Generalization Bounds and PAC-Bayes
Excess Risk Bounds and Mutual Information Bounds

Empirical PAC-Bayes Bounds for Time Series

From Empirical Bounds to Learning Rates
Fast Rates
Mutual Information Bounds

PAC-Bayes oracle inequality under Bernstein condition
Assume Bernstein condition is satisfied with constant K .

Put λ = n/max(2K , 1),

ES

[
Eθ∼π̂λ

[R(θ)]− R∗
]

≤ 2 inf
ρ∈M(Θ)

[
Eθ∼ρ[R(θ)]− R∗ +

max(2K , 1)KL(ρ∥π)
n

]
.

Assume moreover the prior mass condition with C ,D > 0.

ES

[
Eθ∼π̂λ

[R(θ)]− R∗
]
≤ 2max(2K , 1)D

n
log

(
eCn
D

)
.

For a full proof, see

Alquier, P. (2024). User-Friendly Introduction to PAC-Bayes bounds. Foundations and Trends in
Machine Learning, Now Publishers.

Pierre Alquier, ESSEC Business School PAC-Bayes
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Definition – Bernstein condition
Bernstein condition is satisfied with constant K if

E
[(
ℓ(Y , fθ(X ))− ℓ(Y , fθ∗(X ))

)2]
≤ K E

[
ℓ(Y , fθ(X ))− ℓ(Y , fθ∗(X ))

]
︸ ︷︷ ︸

=R(θ)−R∗

.

Mammen & Tsybakov margin assumption

Bernstein condition fast rates

Bartlett et al. convexity condition

Pierre Alquier, ESSEC Business School PAC-Bayes
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Van Erven, T., Grünwald, P.,
Mehta, N., Reid, M. and
Williamson, R. (2015). Fast
Rates in Statistical and
Online Learning. JMLR.

Pierre Alquier, ESSEC Business School PAC-Bayes
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Mutual Information Bounds
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Reminder – Catoni’s PAC-Bayes bound, 2003
Fix λ > 0 and π. With proba. at least 1− δ on S, for any
randomized estimator ρ̂,

Eθ∼ρ̂[R(θ)] ≤ Eθ∼ρ̂[Rn(θ)] +
KL(ρ̂∥π) + log 1

δ

λ
+

λ

8n
.

For λ and π are fixed, this motivated the introduction of the
Gibbs posterior ρ̂ = π̂λ, that minimizes the r.h.s. Then, we
applied the bound in expectation to derive rates of
convergence :

ES

[
Eθ∼π̂λ

[R(θ)]
]
≤ ES

[
Eθ∼π̂λ

[Rn(θ)] +
KL(π̂λ∥π)

λ
+

λ

8n

]
.

But... why did we keep the same λ and π ?
Pierre Alquier, ESSEC Business School PAC-Bayes



Introduction : Generalization Bounds and PAC-Bayes
Excess Risk Bounds and Mutual Information Bounds

Empirical PAC-Bayes Bounds for Time Series

From Empirical Bounds to Learning Rates
Fast Rates
Mutual Information Bounds

PAC-Bayes bound in expectation – v2.0
Fix Λ > 0, Π and the randomized estimator ρ̂ (for
example ρ̂ = π̂λ).

ES

[
Eθ∼ρ̂[R(θ)]

]
≤ ES

[
Eθ∼ρ̂[Rn(θ)] +

KL(ρ̂∥Π)
Λ

+
Λ

8n

]
.

Thus,

ES

[
Eθ∼ρ̂[R(θ)]

]
≤ inf

Λ>0
inf

Π∈M(Θ)
ES

[
Eθ∼ρ̂[Rn(θ)] +

KL(ρ̂∥Π)
Λ

+
Λ

8n

]

= ES

[
Eθ∼ρ̂[Rn(θ)]

]
+ inf

Λ>0
inf

Π∈M(Θ)
ES

[
KL(ρ̂∥Π)

Λ
+

Λ

8n

]
.

Pierre Alquier, ESSEC Business School PAC-Bayes
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ES

[
Eθ∼ρ̂[Rn(θ)]

]
+ inf

Λ>0
inf

Π∈M(Θ)
ES

[
KL(ρ̂∥Π)

Λ
+

Λ

8n

]
,

the infimum is reached, as shown by :
Catoni, O. (2007). PAC-Bayesian supervised learning : the thermodynamics of statistical learning.
IMS lecture notes – monograph series.

ESKL(ρ̂∥Π) = ESKL(ρ̂∥ES ρ̂) + KL(ES ρ̂∥Π)︸ ︷︷ ︸
=0 if Π=ES ρ̂

.

ES ρ̂ ∈M(Θ) defined by [ES ρ̂](E ) = ES [ρ̂(E )].
the first term in the r.h.s. has a nice interpretation...

Pierre Alquier, ESSEC Business School PAC-Bayes
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Let (U ,V ) ∼ P . Let PU and PV denote their marginals. If U
and V were independent, P = PU ⊗ PV .

Mutual information between two random variables

I(U ,V ) := KL(P∥PU ⊗ PV ).

Note : I(U,V ) depends on the distribution P of (U,V ), not on (U,V ). This is

confusing... remember that E(U) is not a function of U !

Proposition

I(U ,V ) = EU

[
KL(PV |U∥PV )

]
.

Thus,

ESKL(ρ̂∥Π) = ESKL(ρ̂∥ES ρ̂)︸ ︷︷ ︸
=:I(θ,S)

+KL(ES ρ̂∥Π)︸ ︷︷ ︸
=0 if Π=ES ρ̂

.

Pierre Alquier, ESSEC Business School PAC-Bayes
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ES

[
Eθ∼ρ̂[R(θ)]

]
≤ ES

[
Eθ∼ρ̂[Rn(θ)]

]
+ inf

Λ>0
inf

Π∈M(Θ)
ES

[
KL(ρ̂∥Π)

Λ
+

Λ

8n

]

= ES

[
Eθ∼ρ̂[Rn(θ)]

]
+ inf

Λ>0

[
I(θ,S)

Λ
+

Λ

8n

]
.

Mutual information bound

ES

[
Eθ∼ρ̂[R(θ)]

]
≤ ES

[
Eθ∼ρ̂[Rn(θ)]

]
+

√
I(θ,S)

2n
.

Russo, D. and Zou, J. (2019). How much does your data exploration overfit ? controlling bias via
information usage. IEEE Transactions on Information Theory.
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Mutual information bound

ES

[
Eθ∼ρ̂[R(θ)]

]
≤ ES

[
Eθ∼ρ̂[Rn(θ)]

]
+

√
I(θ,S)

2n
.

MI :

.
√

I(θ,S)
2n ..

PAC-Bayes :√
ESKL(ρ̂∥π)

2n

I(θ,S) = ESKL(ρ̂∥ES ρ̂) ≤ ESKL(ρ̂∥π)

Catoni :
optimize w.r.t. π

Pierre Alquier, ESSEC Business School PAC-Bayes
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Example of improvement thanks to MI bounds :
Theorem - excess risk bound based on PAC-Bayes

Assume the prior mass condition with C ,D > 0.
Fix λ =

√
n/D log(D/n), and let π̂λ be the Gibbs

posterior.

ES

[
Eθ∼π̂λ

[R(θ)]
]
≤ R∗ +O

(√
D

n
log

n

D

)
.

Informal statement - excess risk bound based on MI

ES

[
Eθ∼π̂λ

[R(θ)]
]
≤ R∗ +O

(√
D

n

)
.

For more details, see :
Alquier, P. (2024). User-Friendly Introduction to PAC-Bayes bounds. Foundations and Trends in
Machine Learning, Now Publishers.

Pierre Alquier, ESSEC Business School PAC-Bayes
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From now on, we no longer assume that (X1,Y1), . . . , (Xn,Yn)
are independent.

We still assume that they are indentically distributed.
Actually, we will work under the assumption that
(Xt ,Yt)t∈Z is a stationary time series.
Special case : (Xt)t∈Z is a time series, and Yt = Xt+1.

Pierre Alquier, ESSEC Business School PAC-Bayes
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Some mathematical tools.
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Let A ⊂ E and B ⊂ E be σ-fields. If A and B are
independent, then for A ∈ A and B ∈ B, we have

P(A ∩ B) = P(A)P(B).
Definition – α-coefficient

α(A,B) = sup
A∈A,B∈B

∣∣∣P(A ∩ B)− P(A)P(B)
∣∣∣.

Definition – φ-coefficient

φ(A,B) = sup
A∈A,B∈B

∣∣∣P(B |A)− P(B)∣∣∣.
Definition – β-coefficient

β(A,B) = E

[
sup
B∈B

∣∣∣P(B |A)− P(B)∣∣∣].
Pierre Alquier, ESSEC Business School PAC-Bayes
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Proposition
0 ≤ α(A,B) ≤ 1/4.
0 ≤ φ(A,B) ≤ 1.
2α(A,B) ≤ β(A,B) ≤ φ(A,B).

Application : we can measure the dependence between the
future and the past of a time series !

α-mixing coefficients
Let U = (Ut)t∈N be a sequence of random variables. We put,
for any k ∈ N,

αU(k) = sup
t∈N

α

(
σ(U0,U1, . . . ,Ut), σ(Ut+k ,Ut+k+1, . . . )

)
.

Similar definitions for βU(k) and φU(k).
Pierre Alquier, ESSEC Business School PAC-Bayes
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Example : Markov chains.
state space U ,
initial distribution : U0 ∼ µ(·),
transition kernel : Ut+1|Ut = u ∼ P(u, ·).

Notations :

µP(·) =
∫

µ(du)P(u, ·),

P2(u, ·) =
∫

P(u, dv)P(v , ·), Pk defined recursively.

A proba. measure µ is invariant iff : µP = µ.
Consequence of these notations :

Ut ∼ µP t(·).
if µ is invariant : Ut ∼ µP t(·) = µ, the chain is stationary.

Pierre Alquier, ESSEC Business School PAC-Bayes
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Example continued. If (Ut)t∈N is a Markov chain :

φU(k) = sup
t∈N

φ

(
σ(U0,U1, . . . ,Ut), σ(Ut+k ,Ut+k+1, . . . )

)
= sup

t∈N
φ

(
σ(Ut), σ(Ut+k)

)
.

If µ is invariant (stationary chain) :

φU(k) = φ

(
σ(U0), σ(Uk)

)
.

Theorem – Davydov 1973

φU(k) = sup
u∈U
∥Pk(u, ·)− µ(·)∥TV,

βU(k) =
∑
u∈U

µ(u)∥Pk(u, ·)− µ(·)∥TV.

Pierre Alquier, ESSEC Business School PAC-Bayes
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φU(k) = sup
u∈U
∥Pk(u, ·)−π(·)∥TV, βU(k) =

∑
u∈U

µ(u)∥Pk(u, ·)−π(·)∥TV.

Definition
The chain is said to be uniformly ergodic ifthere is C > 0 and
ρ ∈ [0, 1) such that supu∈U ∥Pk(u, ·)− µ(·)∥TV ≤ Cρk .

Theorem
If U is a finite set, and the chain (Ut) is aperiodic and
irreducible, then it is uniformly ergodic.

In the infinite case, we can find examples such that :
φU(k) ≤ Cρk ,
or βU(k) ≤ Cρk but φU(k) = C > 0.

Pierre Alquier, ESSEC Business School PAC-Bayes
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Example of the results you can prove with these coefficients :

Theorem (LLN and CLT under β-mixing)

Assume (Ut)t∈N is a starionary series with
∑∞

k=0 βU(k) <∞.
Let g be a real-valued function such that E[g 2(U1)] <∞.
Then :

1
n

∑n
t=1 g(Ut)

proba.−−−→
n→∞

E[g(U1)].

we have V (g) =
∑∞

t=0 Cov(g(U0), g(Ut)) < +∞ and

√
n

(
1
n

n∑
t=1

g(Ut)− E[g(U1)]

)
dist.−−−→
n→∞

N (0,V (g)).

The (weaker) assumption
∑∞

k=0 αU(k) <∞ alone implies only
LLN.

Pierre Alquier, ESSEC Business School PAC-Bayes
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Reminder : exponential moment of the risk (i.i.d. case)

∀λ ∈ R, ES exp

{
λ
[
R(θ)− Rn(θ)

]}
≤ exp

(
λ2

8n

)
.

Exponential moment of the risk – φ-mixing case
Put Ut = (Xt ,Yt) and assume Σ :=

∑∞
k=1 φU(k) < +∞. For

any λ > 0,

ES exp

{
λ
[
R(θ)− Rn(θ)

]}
≤ exp

(
λ2

8n(1 + 2Σ)

)
.

Direct application of

Rio, E. (2000). Inégalités de Hoeffding pour les fonctions lipschitziennes de suites dépendantes.
Compte Rendus de L’Académie des Sciences.

Pierre Alquier, ESSEC Business School PAC-Bayes
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Theorem – essentially from Alquier and Li (2012)

Fix λ > 0 and π. With proba. at least 1− δ on S, for any ρ̂,

Eθ∼ρ̂[R(θ)]

≤ Eθ∼ρ̂[Rn(θ)]+
KL(ρ̂∥π) + log 1

δ

λ
+
λ(1 + 2

∑∞
ℓ=1 φℓ(U))

2

8n
.

Pros : we can also prove a bound in expectation, and
derive rate of convergences, etc.
Cons : in practice, we don’t know φℓ(U) so the result is
useless for practical purposes. Similar results proven by
other authors suffer the same issue.

Pierre Alquier, ESSEC Business School PAC-Bayes



Introduction : Generalization Bounds and PAC-Bayes
Excess Risk Bounds and Mutual Information Bounds

Empirical PAC-Bayes Bounds for Time Series

Mathematical Tools
PAC-Bayes Bounds for Time Series
Towards Empirical Bounds
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Towards Empirical Bounds (in the Markov case)
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Karagulyan, V. and Alquier, P. (2026). Empirical PAC-Bayes bounds for Markov chains. AISTATS.
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From now, we assume :
(Xt)t is a stationary Markov chain with kernel P ,
Yt = F (Xt , εt) for some i.i.d. sequence (εt).

This implies : Yt |Xt = x has the distribution of F (x , εt). We
can let Q(x , ·) denote this distribution.

xt−1 xt xt+1 . . .

yt−1 yt yt+1

P P

Q Q Q

Note that this makes Ut = (Xt ,Yt) a Markov chain with kernel

PU((x , y), d(x ′, y ′)) = P(x , dx ′)Q(x ′, dy ′).

Pierre Alquier, ESSEC Business School PAC-Bayes
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Definition : reversal kernel
Assume P has a unique invariant µ, we put :

P∗(u, dv) =
P(v , du)µ(dv)

µ(du)
.

interpretation : in the stationary regime, the distribution
of (Xt ,Xt+1) is

µ(xt)P(xt , dxt+1) = P∗(xt+1, dxt)µ(xt+1).

note that P∗P is also a Markov kernel.

Pierre Alquier, ESSEC Business School PAC-Bayes
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Definition
For a Markov kernel M , 1 is an eigenvalue of M . Let m1

denots its multiplicity. Define :

γ(M) :=


0 if m1 > 1,

1− sup {λ ∈ sp(M), λ < 1} otherwise.

Definition – pseudo spectral-gap

γps := max
k≥1

γ
(
(P∗)kPk

)
k

.

Paulin, D. (2015). Concentration inequalities for Markov chains by Marton couplings and spectral
methods. Electronic Journal of Probability.

Pierre Alquier, ESSEC Business School PAC-Bayes
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Theorem
Fix 0 < λ < n

20 and a prior π. With probability at least 1− δ
on S, for any ρ̂,

Eθ∼ρ̂[R(θ)] ≤ Eθ∼ρ̂[Rn(θ)] +
KL(ρ̂∥π) + log 1

δ

λγps
+

8λ
n
.

Pierre Alquier, ESSEC Business School PAC-Bayes
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Corollary
Assume we have an estimator γ̂ps of γps such that

P
(∣∣∣∣ γ̂ps

γps
− 1
∣∣∣∣ > ϵ

)
≤ α(n, ϵ,P) =: α.

With probability at least 1− δ − α on S, for any ρ̂,

Eθ∼ρ̂[R(θ)] ≤ Eθ∼ρ̂[Rn(θ)] + (1 + ϵ)
KL(ρ̂∥π) + log 1

δ

λγ̂ps
+

8λ
n
.

Pierre Alquier, ESSEC Business School PAC-Bayes
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Example : finite state space {1, . . . , d}
Wolfer, G. and Kontorovich, A. (2019). Estimating the mixing time of ergodic markov chains.
COLT.

Wolfer, G. and Kontorovich, A. (2024). Improved estimation of relaxation time in nonreversible
Markov chains. The Annals of Applied Probability.

Nk(i , j) =

⌊ n−1
k

⌋∑
ℓ=1

1
[
X1+(ℓ−1)k = i ,X1+ℓk = j

]
,

Nk(i) =

⌊ n−1
k

⌋∑
ℓ=1

1
[
X1+(ℓ−1)k = i

]
, and L̂k(i , j) =

Nk(i , j)√
Nk(i)Nk(j)

.

Note : L̂k estimates Lk = diag(µ)
1
2Pkdiag(µ)−

1
2 .

Fix K > 0, put γ̂ps,K = max
{
γ((L̂k)T L̂k), 1 ≤ k ≤ K

}
.

Pierre Alquier, ESSEC Business School PAC-Bayes
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Proposition (Wolfer and Kontorovich)

For K = ⌈2
ϵ
⌉, we have

P
(∣∣∣∣ γ̂ps,K

γps
− 1
∣∣∣∣ > ϵ

)
≤ α(n, ϵ,P)

where
α(n, ϵ,P) =

C1(P)

ϵ
exp

(
−nγ2

psϵ
2C2(P)

)
.

Corollary
With probability at least 1− δ − α on S, for any ρ̂,

Eθ∼ρ̂[R(θ)] ≤ Eθ∼ρ̂[Rn(θ)] + (1 + ϵ)
KL(ρ̂∥π) + log 1

δ

λγ̂ps,K
+

8λ
n
.

Pierre Alquier, ESSEC Business School PAC-Bayes
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Infinite case : not possible to estimate γps in general.
However, under additional assumptions, this can be
feasible.

Proposition
Assume there is a ∈ [−1, 1] such that

Xt+1 = aXt + εt , with εt ∼ N (0, 1).

Then
γps = 1− a2.

Pierre Alquier, ESSEC Business School PAC-Bayes
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Reminder
Fix λ > 0 and π. With proba. at least 1− δ on S, for any ρ̂,

Eθ∼ρ̂[R(θ)]

≤ Eθ∼ρ̂[Rn(θ)]+
KL(ρ̂∥π) + log 1

δ

λ
+
λ(1 + 2

∑∞
ℓ=1 φℓ(U))

2

8n
.

Going beyond the Markov case will require to estimate
the full sequence of φ-coefficients.
This in an open problem !
However, estimation of α and β-mixing coefficients was
done recently :

Khaleghi, A. and Lugosi, G. (2023). Inferring the mixing properties of a stationary ergodic process
from a single sample-path. IEEE Transactions on Information Theory.
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