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Introduction : Generalization Bounds and PAC-Bayes Generalization Bounds
Minimization of the PAC-Bayes Bound

Catoni’s PAC-Bayes Bound and its Proof

@ Objects x € X, labels y € V.
@ Predictor : function fy : X — ) indexed by 6 € ©.
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Introduction : Generalization Bounds and PAC-Bayes Generalization Bounds

Minimization of the PAC-Bayes Bound
Catoni’s PAC-Bayes Bound and its Proof

@ Prediction error measured through loss function ¢ :
ﬁ(y, fé(X))-

o Risk :
R(0) = Epxvyer [V, (X))

where P is the probability distribution of pairs
object-label we want to learn to classify.

@ Objective :

R* = elgg R(0).

e Data (X1, Y1),...,(X,, Y,) i.id. from P. Empirical risk :

Ri(6) = %Zﬁ(y H(X)).
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Introduction : Generalization Bounds and PAC-Bayes Generalization Bounds
Minimization of the PAC-Bayes Bound

Catoni’s PAC-Bayes Bound and its Proof

Toy example :
@ X uniform on [0, 1],

oY =2X—1]+e

15

10
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Introduction : Generalization Bounds and PAC-Bayes Generalization Bounds
Minimization of the PAC-Bayes Bound

Catoni’s PAC-Bayes Bound and its Proof

@ Prediction by regular histogram with k-bins.
o Uy, fy(x)) = (v — fi(x))*

— k=10

15

10

Pierre Alquier, ESSEC Business School PAC-Bayes



Introduction : Generalization Bounds and PAC-Bayes Generalization Bounds
Minimization of the PAC-Bayes Bound

Catoni’s PAC-Bayes Bound and its Proof

@ Prediction by regular histogram with k-bins.
o Uy, fy(x)) = (v — fi(x))*

15

10

Pierre Alquier, ESSEC Business School PAC-Bayes



Introduction : Generalization Bounds and PAC-Bayes Generalization Bounds
Minimization of the PAC-Bayes Bound

Catoni’s PAC-Bayes Bound and its Proof

@ Prediction by regular histogram with k-bins.
o Uy, fy(x)) = (v — fi(x))*

— k=100
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Introduction : Generalization Bounds and PAC-Bayes Generalization Bounds
Minimization of the PAC-Bayes Bound

Catoni’s PAC-Bayes Bound and its Proof

—— Empirical Risk.
al st Risk

10
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Generalization Bounds
Minimization of the PAC-Bayes Bound
Catoni’s PAC-Bayes Bound and its Proof

Introduction : Generalization Bounds and PAC-Bayes

Law of large numbers : for a fixed 6,

n

Rol0) = = 3 ¢( Vi (X)) — R(O).

- n—o0
i=1

But 6 = 0((X1, Y1), ..., (Xn, Ya)) = O(S) learnt from data.

Can we quantify R(A) — R,(f) when  is learnt ? )

Various approaches :
@ Vapnik-Chervonenkis theory,

o algorithmic stability,
@ information bounds : MDL, PAC-Bayes, etc.
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Introduction : Generalization Bounds and PAC-Bayes Generalization Bounds
Minimization of the PAC-Bayes Bound
Catoni’s PAC-Bayes Bound and its Proof

Assumption for
Unless specified otherwise, 0 < ¢ < 1 and data is i.i.d. from P.

Vapnik-Chervonenkis — classification () = {0,1})

With probability at least 1 — & on the data, for any 6 learnt

from the data,

8d log (%) + 8log (%)
n

R(9) < Ry(0) + \/

where d : the VC-dimension of the set of classifiers (3,0 € ©)

V.
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Introduction : Generalization Bounds and PAC-Bayes Generalization Bounds
Minimization of the PAC-Bayes Bound

Catoni’s PAC-Bayes Bound and its Proof

Statistical estimation / ERM etc.

data ——— estimator

(X xY)" — ©

S— §=6(S8)

Randomized estimators :

(X xY)" —— M(O) ------ > ©
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Introduction : Generalization Bounds and PAC-Bayes Generalization Bounds

Minimization of the PAC-Bayes Bound
Catoni’s PAC-Bayes Bound and its Proof

McAllester's PAC-Bayes bound

Fix a prior distribution 7 € M(©). With probability at least
1 — 6 on the data S, for any probability distribution p learnt
on the data,

KL(p|r) + log (27)

Eo~p[R(9)] < EonplRa(6)] + 2n

KL(p||7) = Kiillback-Leibler divergence between p and 7
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Introduction : Generalization Bounds and PAC-Bayes Generalization Bounds
Minimization of the PAC-Bayes Bound

Catoni’s PAC-Bayes Bound and its Proof

KL(p||7) = Kiillback-Leibler divergence between p and 7 J

@ discrete case :

p(6)
L(pllm) =>_ p(6 )log 272 (0)

0cO

and KL(p||7) = oo if for some 6, m(0) = 0 and p(6) > 0.
@ general case

dp
KL(p||7) = Eg~, [Iog a(@)}
and KL(p||w) = oo is p has no density $2 w.r.t. ...

KL(p||w) > 0 and KL(p||7) =0 & p = 7. |




Introduction : Generalization Bounds and PAC-Bayes Generalization Bounds

Minimization of the PAC-Bayes Bound
Catoni’s PAC-Bayes Bound and its Proof

[ntuition on KL :

@ 7 uniform on A

% not defined here.
dr

B ¢ A= KL(p|7) = 0.
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Introduction : Generalization Bounds and PAC-Bayes Generalization Bounds
Minimization of the PAC-Bayes Bound

Catoni’s PAC-Bayes Bound and its Proof

Intuition on KL :

@ 7 uniform on A

A
~14(0)
"=V
@ p uniform on B
0 = 3759
dp V(A)15(0)
BCA= OI7T(0) VB

KL(p||7) = Eg~, {Iog g—i(@)} = log %
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Introduction : Generalization Bounds and PAC-Bayes Generalization Bounds

Minimization of the PAC-Bayes Bound

Catoni’s PAC-Bayes Bound and its Proof

[ntuition on KL :

A

By(x, r) ball centered on x, with radius r in RY

Nia

™

V(Ba(x;r)) =

vla| &

r¢g+1)

@ 7 uniform on A = B,(0, C)
@ p uniform on B = By(fo, €)

KL(p||7) = log 5§2§ = dlog £
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Introduction : Generalization Bounds and PAC-Bayes Generalization Bounds
Minimization of the PAC-Bayes Bound
Catoni’s PAC-Bayes Bound and its Proof

McAllester's PAC-Bayes bound

KL (pl|) + log (27
2n '

Eo,[R(0)] < Egp[Ra(6)] +

@ 7 uniform on © = B,4(0, C)
@ p = j uniform on By(0, )

dlog % + log <¥>

Eo5[R(0)] < Eop[Rn(0)] + 2n
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Introduction : Generalization Bounds and PAC-Bayes Generalization Bounds
Minimization of the PAC-Bayes Bound

Catoni’s PAC-Bayes Bound and its Proof

Minimization of the PAC-Bayes bound. )
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Introduction : Generalization Bounds and PAC-Bayes Generalization Bounds

Minimization of the PAC-Bayes Bound
Catoni’s PAC-Bayes Bound and its Proof

McAllester's PAC-Bayes bound
Fix prior 1 € M(©). With proba. at least 1 — §, Vp € M(©),

KL(pl|7) + log (2£7)

Egp[R(0)] < Eonp[Rn(0)] + 2n

Eop[R(0)] < Eop[Rn(9)]

{KL(,O“?T) + log (%ﬁ) A }

+ inf
A>0

;) *en
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Introduction : Generalization Bounds and PAC-Bayes Generalization Bounds
Minimization of the PAC-Bayes Bound

Catoni’s PAC-Bayes Bound and its Proof

YA > 0, By [R(0)] < Egu,[Rn(0)]

»
. (p||7r)+A log (247 NS

V.

Definition - Gibbs posterior

exp(—AR,(0))
Ra(d0) = g e () J

#, = arg min {EQN,,[RH(G)] + M} .

pEM(O) A

Sampling from @, by Monte-Carlo techniques...
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Introduction : Generalization Bounds and PAC-Bayes Generalization Bounds

Minimization of the PAC-Bayes Bound
Catoni’s PAC-Bayes Bound and its Proof

Lemma (Donsker-Varadhan's variational formula)

Let h(0) be any bounded, measurable function of 8. Then
F(p) = Eo~p[h(0)] — KL(p]|7)
reaches its unique maximum at p* defined by

dp* .« exp(h(9))
ar O = &, [h(0)]

and
F(p*) = log Eg... exp[h(8)].

To prove the previous proposition : h(#) <— —AR,(6).
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Introduction : Generalization Bounds and PAC-Bayes Generalization Bounds
Minimization of the PAC-Bayes Bound

Catoni’s PAC-Bayes Bound and its Proof

Proof of the Lemma.

\ [ dp
KL(ol) = Eoe, [log $2(0)

_ By [h(9)] dp
= o8 ey )

= Eue, 08 52(0)| ~ oo (0)] + og B ()]

dm

>0

with equality if and only if p = p*.
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Introduction : Generalization Bounds and PAC-Bayes Generalization Bounds
Minimization of the PAC-Bayes Bound

Catoni’s PAC-Bayes Bound and its Proof

Approximate minimization of the PAC-Bayes bound. )
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Introduction : Generalization Bounds and PAC-Bayes Generalization Bounds
Minimization of the PAC-Bayes Bound

Catoni’s PAC-Bayes Bound and its Proof

YA > 0, Eou [R(0)] < Eoop[Ra(6)]

Alternative approach : optimize p in a smaller set 7 & M(©).

Definition - variational approximation of Gibbs posterior

I T

A

Example : p = N(p, X), optimize (u, X).

Pierre Alquier, ESSEC Business School PAC-Bayes



Introduction : Generalization Bounds and PAC-Bayes Generalization Bounds
Minimization of the PAC-Bayes Bound

Catoni’s PAC-Bayes Bound and its Proof

Application : generalization bounds for deep learning. )
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oduction : Generalization Bounds and PAC-Bayes

Train a neural network for
classification (0-1 loss).

Vapnik-type bound usually
lead to something larger
than 1, for example

R(0) < 35.4

As R() = P(Y # (X))
the bound brings no infor-
mation (vacuous).

Generalization Bounds

Minimization of the PAC-Bayes Bound

Catoni’s PAC-Bayes Bound and its Proof

Computing Nonvacuous Generalization Bounds for Deep (Stochastic) Neural
Networks with Many More Parameters than Training Data

Gintare Karolina Dziugaite
Department of Engincering
University of Cambridge

Abstract

One of the defining propertis of decp leam-

Temakable it smple agorthms Tk SGD 1
liably return solutions wi

Low testerror. One

roadblock to explaining these phenomena in

omvacuous bounds. We et 10
ide by Langfrs and Cavna GO0, who
used PAC-Bayes bounds to comput
o namerica bounds on generzation eror
for stochastic two-layer two-hidden-unit neural
networks via a sensitvity analysis. By optimiz-
ing the PAC-Bayes bound directly. we are able
10 extend their approach and obtain nonvacu
ous generalization bounds for deep stochastic
neural network classifiers with millions of pa-
rumeters trained on only tens of thousands of
examples. We connect our findings 10 recent
and old work on flat minima and MDL-based
explanations of generalization.

INTRODUCTION

By cpimiene a PAC-Bayes bound. we show that it is
possible ounds on the

aniel M. Roy
Department of Statistical Sciences
University of Toronto

for rained neural networks in the modern deep learning.
regime where the number of network parameters eclipses
the number of raining examples.

Mhebounds we compute e dt dependen incoporaing
millions of components optimized numerically to

alarge region in weight space with low average e
rro round e olation abuined by sochasic srdient
descent (SGD). The data dependence is essential: indeed.
the VC dimension of neural networks istypically bounded
below by the number of parameters, and s0 one nceds as

To put this in concrete terms
s even 72 e anits n . flly comneced
lds vacuous PAC bou

jon for characterizing generalization. In
particular, Bardlett established classification error bounds
in terms of the empirical margin and the fatshattering
dimension. and then gave fat-shattering bounds for neu-

I networks in terms of the magnitudes of the weights
and the depth of the network alone.  Improved nom-
based bounds were obtained using Rademacher and Gaus-
sian complexity by Bartlett and Mendelson [BMO2] and
Koltchinski and Panchenko [KP02],

These norm-based bounds are the foundation of our cur-

generalization emor of deep stochastic neural networks
with millions of parameters, despite the training data sets
being one or more orders of magnitude smaller than the.
number of parameters. To our knowledge, these are the
first explicit and nonvacuious numerical bounds computed

PAC-Bayes

of neural network i

i widely aceepted that these bounds expl:




Introduction : Generalization Bounds and PAC-Bayes Generalization Bounds
Minimization of the PAC-Bayes Bound

Catoni’s PAC-Bayes Bound and its Proof

Experiment T-600 T-1200 T-300% T-600° T-1200> T-600° R-600
Train error 0.00I 0.002 0.000 0000 0000 0.000 0.007
Test error 0.018 0018 0015 0016 0015 0013 0508

SNN trainerror ~ 0.028  0.027  0.027  0.028 0.029 0.027  0.112
SNN test error 0.034 0.035 0.034 0.033 0.035 0.032  0.503
PAC-Bayes bound 0.161  0.179  0.170  0.186 0.223 0.201 1.352
KL divergence 5144 5977 5791 6534 8558 7861 201131
# parameters 471k 943k 326k 832k 2384k 1193k 472k
VC dimension 26m 56m 26m 66m 187m 121m 26m

Table 1: Results for experiments on binary class variant of MNIST. SGD is either trained on (T) true labels or
(R) random labels. The network architecture is expressed as N'*, indicating L hidden layers with N nodes each.
Errors are classification error. The reported VC dimension is the best known upper bound (in millions) for ReLU
networks. The SNN error rates are tight upper bounds (see text for details). The PAC-Bayes bounds upper bound
the test error with probability 0.965.

Results taken from

@ Dzuigaite, G. K. and Roy, D. M. (2017). Computing Nonvacuous Generalization Bounds for Deep
(Stochastic) Neural Networks with Many More Parameters than Training Data. UAI.
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Introduction : Generalization Bounds and PAC-Bayes Generalization Bounds
Minimization of the PAC-Bayes Bound

Catoni’s PAC-Bayes Bound and its Proof

Catoni's PAC-Bayes Bound (with Proof!) J
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Introduction :

Generalization Bounds and PAC-Bayes

PAC-Bayesian Model Averaging

David A. MeAllester
ATAT Shaonon Labs

180 Park Avenie
Flotham Park, NJ 079320971
dmac@research att.com

Abstract

Bayesian learning methods combine the
mative priors of Dayesian methods with

caxlier methods for PAC-Bay selec-
tion, this paper presents & method for PAC-
s agi con

bounded loss is als given.

1 INTRODUCTION

A PAC Bayesian approach o mackine g attempts
to combine the advantages of both PAC and Bayesian
approaches 12, 8], The Bayesian a o

i knowledge i the form
of a Bayesian prior. The PAC approach

Bayesin approach combines the faturs of the mc
and Bayesian approaches — i

Iearaing algoritbe on . arbieaey pior disbuion
thu allowing the incorperaion owledge,
iyt provides u guranice on genralzation aror
that i independent of sy rath of fhe

e compared both theortcally and expermentaly by
ental ovidence

0 that used in MAP or MDL but. provides

a theoretical guarantee agaiost over-fitting independent

the prior
ler work on PA

\C-Bayestan algorithms has fo-

cused on model selction —selecting cither a single con-

ey mportant n erain
statistical language mod-
eling for speech recogaition one “smooths” a trigram
model with a bigram model and smooths the bigram
model with

cting docision
o the taining data. Cedoe i oot of S, st bud an verly largotve which e s e
i it tho data [11 ]
r.rm,,mm,m(mw algorithms) o viewed s a2 = ohomeet the duta Lt o o
dnd of SRM algorithm. Various approaches 0 SEM.{, omeo"pnal er-i tree. i pos.
ikl 10 contruct a concizo repre a weighti
e G & s oAbt o o many digon Subirees (.5, 41

tures. A weighted mixture which gives too much weight
to models with low prior probability will over-fit the

r, ESSEC Business School

Generalization Bounds
Minimization of the PAC-Bayes Bound

Catoni’s PAC-Bayes Bound and its Proof

Semi

nal that

paper,

contains the bound stated
earlier today.

Since then, various bounds

publi
°

PAC-Bayes

ished

tighter,

with less assumptions

(i.i.d, bounded loss),

easier to optimize,



Introduction : Generalization Bounds and PAC-Bayes Generalization Bounds
Minimization of the PAC-Bayes Bound

Catoni’s PAC-Bayes Bound and its Proof

Classical references :

Olivier Catoni

Institute of Mathematical Statistics
LECTURE NOTES-MONOGRAPH SERIES

Statistical Learning Theory
and Stochastic Optimization

2
H
£
2
E
=
=
3
3
2
=
H
g
S

Pac-Bayesian Supervised
hayesian Supery

of Statistical Learning

Ecole d'Eté de Probabilités
de Saint-Flour XXXI - 2001 2

Editor: ). Picard
@ Springer R I“(é/\i,
Connections with information theory Very tight bounds, applications to
and MDL. Support Vector Machines.
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Introduction : Generalization Bounds and PAC-Bayes Generalization Bounds
Minimization of the PAC-Bayes Bound
Catoni’s PAC-Bayes Bound and its Proof

Catoni's PAC-Bayes bound, 2003
Fix A > 0 and 7. With proba. at least 1 — 6 on S, for any p,
KL(p|r) +log} A

Eo-s[R(0)] < EorplRo(60)] + — 1 =

@ Catoni, O. (2003). A PAC-Bayesian approach to adaptive classification. Preprint LPMA 840. J

@ Cons : not optimized in A.

@ Pros : easily generalized to other settings.

Pierre Alquier, ESSEC Business School PAC-Bayes



Introduction : Generalization Bounds and PAC-Bayes Generalization Bounds
Minimization of the PAC-Bayes Bound

Catoni’s PAC-Bayes Bound and its Proof

Proof of Catoni’'s bound : step 1.

Hoeffding's lemma

Let U be a random variable with a < U < b almost surely and
E(U) = 0. Then, for any s € R,

Elexp(sU)] < exp <w> .

Pierre Alquier, ESSEC Business School PAC-Bayes



Introduction : Generalization Bounds and PAC-Bayes Generalization Bounds
Minimization of the PAC-Bayes Bound

Catoni’s PAC-Bayes Bound and its Proof

Proof of Hoeffding’'s lemma. Put f(s) = log E[exp(sU)].
By differentiation under the integral sign theorems :

iy~ BlUep(sU) [ eplsu) oo o
(5) = “Sronts0] /[a,b] Sty V() /[a,b] Py (du)
=E(V) for some a < V < b.

Check :
(b—a)?

f(s) = Var(V) < 2

Finally :

f(s) = f(0) + sf'(0) + /os f'(t)(s — t)dt

s2(b — a)?
—

s )2
§o+o+/ (b 43) (s — t)dt =
0

Pierre Alquier, ESSEC Business School PAC-Bayes



Introduction : Generalization Bounds and PAC-Bayes Generalization Bounds
Minimization of the PAC-Bayes Bound

Catoni’s PAC-Bayes Bound and its Proof

Proof of Catoni's bound : step 2.
Put £;(0) := £(Y], fo(Xi)) for short.

Es exp{)\[R(H) - Rn(Q)] } = Egsexp {%

> (Es[6i(0)] — e,-(e))] }

i=1
= H Es exp {% [Es[£i(0)] — E,-(@)]}
i=1

n 2
< Hexp <%> thanks to Hoeffding.
i=1

Lemma : exponential moment of the risk

VA€ R, Es exp{)\[R(G) . R,,(H)] _ A_z} <1

Pierre Alquier, ESSEC Business School PAC-Bayes



Introduction : Generalization Bounds and PAC-Bayes Generalization Bounds
Minimization of the PAC-Bayes Bound

Catoni’s PAC-Bayes Bound and its Proof

Proof of Catoni’'s bound : step 3.
Integrate the previous lemma with respect to 7, and use
Fubini’s theorem to get :
)\2
EsEg. exp{)\ [R(e) - R,,(H)] - 8—} <1

n

Remind Donsker-Varadhan's formula :

log B~ exp[h(0)] = sup [Eo-, [A(0)] — KL(p[7)]-

Catoni's PAC-Bayes key lemma

VA e R,
2

A
Bsepsup{ NEay [R() - Ri0)] - 5. ~ KL(pl) | <1
p

Pierre Alquier, ESSEC Business School PAC-Bayes




Introduction : Generalization Bounds and PAC-Bayes Generalization Bounds
Minimization of the PAC-Bayes Bound

Catoni’s PAC-Bayes Bound and its Proof

Proof of Catoni’'s bound : final step.

Es expSL/J)p{)\EQN,,[R(H) - R,,(Q)} - 2,27 - KL(p|7T)} <1 J

Put 6 € (0, 1), use Markov's inequality :

P (u > log %) _P (exp(U) > %) < 5Efexp(U)] < 4.

P <su {AE(,N,)[R(Q) . Rn(e)} . KL(p?T)} > log %) <.

P 8n

... what we wanted to prove
Fix A > 0 and 7. With proba. at least 1 — § on S, for any p,
KL(p||7) + log % N A

EonslRO) < EovslRe(0)] + — 2 =




From Empirical Bounds to Learning Rates
Excess Risk Bounds and Mutual Information Bounds Fast Rates
Mutual Information Bounds

Q Excess Risk Bounds and Mutual Information Bounds
@ From Empirical Bounds to Learning Rates
o Fast Rates
@ Mutual Information Bounds
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From Empirical Bounds to Learning Rates
Excess Risk Bounds and Mutual Information Bounds Fast Rates

Mutual Information Bounds

Refresher :

@ Prediction error measured through loss function ¢ :

€<y, fg(x)>.

@ Risk :
R(6) = Ex.y)r [z(v, f;;(X))] .
@ Objective :
R* = inf R(0).
ISC]

e Data (X1, Y1),...,(Xs, Ya) i.id. from P. Empirical risk :
1 n
R.(0) = ;Z;e(y,-, fe(x,-)).

Pierre Alquier, ESSEC Business School PAC-Bayes



From Empirical Bounds to Learning Rates
Excess Risk Bounds and Mutual Information Bounds Fast Rates

Mutual Information Bounds

Statistical estimation / ERM etc.

data ——— estimator

(X xY)" — ©

S— §=6(S8)

Randomized estimators :

(X xY)" —— M(O) ------ > ©

Pierre Alquier, ESSEC Business School PAC-Bayes



From Empirical Bounds to Learning Rates
Excess Risk Bounds and Mutual Information Bounds Fast Rates
Mutual Information Bounds

Yesterday, we proved :

Catoni's PAC-Bayes bound, 2003

Fix A > 0 and 7. With proba. at least 1 — 6 on S, for any p,

KL(3lm) +log} A
A 8n’

Eos[R(0)] < Egp[Rn(0)] +

Pierre Alquier, ESSEC Business School PAC-Bayes



From Empirical Bounds to Learning Rates
Excess Risk Bounds and Mutual Information Bounds Fast Rates
Mutual Information Bounds

In the proof, we stated the following :

Reminder : Catoni's PAC-Bayes key lemma

)\2
Esexpsup{ NEoy[R() - Ri(0)] - 5. - KL(pl) | <1
P n
)\2
Es exp{)\EgNﬁ [R(e) - R,,(G)] - KL(ﬁ||7r)} <1
Jensen's inequality gives :
)\2
exp ES{AEQN,S [R(e) - R,,(H)] — KL(,6||7r)} <1

Pierre Alquier, ESSEC Business School PAC-Bayes



From Empirical Bounds to Learning Rates

Excess Risk Bounds and Mutual Information Bounds Fast Rates
Mutual Information Bounds

Catoni's PAC-Bayes bound in expectation, 2003
@ Fix A > 0, 7 and a randomized estimator /.

Es [E9~ﬁ[R(9)]] < Es |Egs[Ra(0)] + w N 8%

4
@ Catoni, O. (2003). A PAC-Bayesian approach to adaptive classification. Preprint LPMA 840.
@ Zhang, T. (2006). Information-theoretic upper and lower bounds for statistical estimation IEEE
Transactions on Information Theory. )

Note : sometimes refered to as “MAC-Bayes" for “Mean
Approximately Correct”...

Pierre Alquier, ESSEC Business School PAC-Bayes



From Empirical Bounds to Learning Rates
Excess Risk Bounds and Mutual Information Bounds Fast Rates
Mutual Information Bounds

Reminder — Gibbs posterior

7y = arg min {EeNp[Rn(e)] +
PEM(O)

A _exp(—=AR,(9))

a(d0) = EﬁNw[exp(—)\Rn(ﬁ)]W(de).

Consequence of PAC-Bayes bound in expectation :

Es [EQNﬁA[R(e)]} < Es | Egos, [Ra(6)] +

KL(7y[[7) A
A + 8n

= [Eginf
P

BylRo(0)] + SO Si]

<infE
_”; o A 8n

Pierre Alquier, ESSEC Business School PAC-Bayes
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From Empirical Bounds to Learning Rates
Excess Risk Bounds and Mutual Information Bounds Fast Rates

Mutual Information Bounds

Es [EQN@[R(Q)]] < ir/])flEg [EP[R,,(Q)] + KL(plIr) + )‘]

A 8n|’

EsE,[Ra(0)] = E,[EsRn(8)] (Fubini-Tonelli)
= E,[R(6)]-

Catoni's PAC-Bayes excess-risk bound, 2003

@ Fix A >0, m, and let &, be the Gibbs posterior.

Es [E9~fr/\[R(9)]] < inf |Ep,[R(6)] + KL(pl|7) + i]

= peM(O) A 8n|

@ In this result, we use 7, as our randomized estimator.
@ But to explicit the right-hand side, we can substitute
anything to p in the infimum...

Pierre Alquier, ESSEC Business School PAC-Bayes



From Empirical Bounds to Learning Rates
Excess Risk Bounds and Mutual Information Bounds Fast Rates

Mutual Information Bounds

llustration :
G @ 7 uniform on © = B,4(0, C)
@ p uniform on By(0*, €) where
R(0*) = R*.

KL(p||7) = dlog %
Assume 6 — ((y, fy(x)) is L-Lipschitz around 0*, that is :
|60y, fo(x)) — £y, fo- (x))| < L[|6 = 67]].
By taking expectations :
R(0) — R* = R(9) — R(6") < L||0 — 67||.

Thus By, [R(6)] < R* + Le.

Pierre Alquier, ESSEC Business School PAC-Bayes
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dlog& )
g6+

R* —
et A 8n

Es [Eor, [RO)]| < inf

The bound is exactly minimized for e = d /) :

d CA A
Es [EQNﬁ,\[R(e)]] <R*+ X (1 + log 7) + g

In this case, we can calibrate the Gibbs posterior with

A = /n/d which leads to

Es [Eos, [RO)]] <R+ 0 (ﬁ log§> . J

Pierre Alquier, ESSEC Business School PAC-Bayes
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Reminder : Catoni's PAC-Bayes oracle bound

: KL(p[[7) | A
Es [EON;U[R(Q)]] < inf —

Eo,[R(0
< ik o |Eeel RO+

Recap on the previous example :
@ 7 uniform on By(0, C),
@ p uniform on By(6*,€),
@ L-Lipschitz loss function.
= Eo,[R(8)] < R* + Le.

More generally, we can consider in the PAC-Bayes oracle

bound :
p = ms = restriction of w to {0 : R(§) < R* + ¢}.
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p = ms := restriction of 7w to {6 : R(#) < R* +4}.

A

R(6)

>0

Pierre Alquier, ESSEC Business School PAC-Bayes
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Es |:E0~7A1’>\[R(9)]] <inf [IEQNM[R(Q)] + KL(rsl|m) + A]

A 8n

R*+46+

< inf
6>0

1
log —rarREZRTo7 n A
A 8n|’
In the previous example,
1
<
{0 :R(O) < R*+0} —

and we obtained a bound in /d/nlog(n/d).

C
dlog —
og(s

log

Definition : the prior mass condition is satisfied if there are
C, D > 0 such that, for any 6 > 0 small enough,

! < Dlo E
0 RO <R 1o}~ 8%

Pierre Alquier, ESSEC Business School PAC-Bayes
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Theorem - excess risk bound

@ Assume the prior mass condition with C, D > 0.

@ Fix A =+/n/Dlog(D/n), and let 7, be the Gibbs
posterior.

n

Es [EgNﬁA[R(H)]] <R 1O \/g log 7

Pierre Alquier, ESSEC Business School PAC-Bayes
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Fast Rates )

Pierre Alquier, ESSEC Business School PAC-Bayes
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ﬁ Seeger, M. (2002). PAC-Bayesian generalisation error bounds for Gaussian process classification.

Journal of Machine Learning Research.

@ Maurer, A. (2004). A note on the PAC-Bayesian theorem. Arxiv preprint arXiv :cs/0411099.

ﬁ Tolstikhin, I. and Seldin, Y. (2013). PAC-Bayes-empirical-Bernstein inequality. NeurlPS.

Tolstikhin and Seldin's PAC-Bayes bound, 2013
With proba. at least 1 — ¢, for any p,

Eop[R(0)] < Eop[Rn(9)]

KL(pl|r) + log 22
n
KL(p||7) + log 2\55

n -

Pierre Alquier, ESSEC Business School PAC-Bayes

+ 1/ 2Eg-.,[Rn(8)]

+2
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Tolstikhin and Seldin's PAC-Bayes bound, 2013
With proba. at least 1 — ¢, for any p,

Eoo[R(0)] < Egp[Ra(6)]

KL(p||7) + log 2£"

+ \/2E9N,,[R,,(9)]

n
JKL(pllm) +log 27
n

+

Key observation : if p is such that Eg.,[R,(0)] = 0, then

KL(pl|7) + log 2°

Eoo[R(0)] <2

n

It appears that such fast rates can occur beyond the
Eo,[Rn(6)] = 0 case.
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Example 1 : classification, /(y, f5(x)) = 1,4f,(0)-

Recall :
o n(x) =Ps(Y =1|X = x),
o the “Bayes classifier” f*(x) = 1,0>1/2.

Mammen and Tsybakov margin assumption

o Ps(|n(X) —1/2| < 7) = 0 for some small enough 7 > 0.
@ there is 6* such that f* = fy-. )
@ Mammen, E. and Tsybakov, A. B. (1999). Smooth discrimination analysis. The Annals of
Statistics.
Tsybakov, A. B. (2003). Optimal rates of aggregation. COLT.
V.

Under the margin assumption, they prove fast rates in % for
various predictors.

Pierre Alquier, ESSEC Business School PAC-Bayes
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Ps(|n(X) —1/2| < 7) = 0 for some small enough 7 > 0.

>

n(x)=P(Y=1|X=x)

yV/\\V\/ ’\/\,
~_)

> X
0

Pierre Alquier, ESSEC Business School PAC-Bayes
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Example 2 : “strongly convex, Lipschitz loss".

For short, put g(0) = g« (0) = {(y, fo(x)).

Assume there are L, o > 0 such that, for any x, y, there is a
5('7 ) = 5x,y('7 ) >0 with

= =, 7 __ - >
V0, g ) (0,«9 ),

and g(0) — g(0%) < Lo(6,0%).

B Bartlett, P. L., Jordan, M. I. and McAuliffe, J. D. (2003). Convexity, classification, and risk J

bounds. Journal of the American Statistical Association.

— fast rates also in this case.

Pierre Alquier, ESSEC Business School PAC-Bayes
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Definition — Bernstein condition

Bernstein condition is satisfied with constant K if

Es [ (Y. H(X)) = (Y -(X)))’]
< KEs [(Y, H(X)) = (Y, -(X))]

/

-~

=R(0)—R*

Mammen & Tsybakov margin assumption

\

Bernstein condition ————> fast rates

_——

Bartlett et al. convexity condition

Pierre Alquier, ESSEC Business School PAC-Bayes
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Proof that Example 2 = Bernstein.
Put g(0) = £(Y, fy(X)). Then

£s|(s(0) - g(e*))z} < I°Eg [52(9,9*))2}
< 20l’Es [g(e) +g(0") g (9 + 9*)}

o [R(@) +2R2(9*) e (9 292)}
< 2al? {—R(e) > RE) R(e*)]

= al?[R() — R(6")].

Pierre Alquier, ESSEC Business School PAC-Bayes
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Let us re-examine elements of yesterday's proof.

Reminder : lemma on exponential moment of risk

ps [RO) < Ry(0)+ 2+ %83 < 5
{ |

A ~ +/n is the best choice...

Pierre Alquier, ESSEC Business School PAC-Bayes
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Alternative bound based on Bernstein's inequality

Es exp {—%[R(G) — R(60") — Ra(0) + Rn(0*)]}

N2Var[((Y, fo(X)) — LY, fy-(X))]
SeXp( g(n—2)\) : )

Constraint : A < n/4, and use Bernstein assumption

Bs e {~21RO) - RO%) = Ri(0) + Ro(0")]} < ex0 (w) .

n

> Ps { (1 - &) [R(6) — R(9%)] < Ra(0) — R(67) + 'g§} <s
n A

We can take A\ = cn for ¢ small enough...

Pierre Alquier, ESSEC Business School PAC-Bayes
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PAC-Bayes oracle inequality under Bernstein condition

@ Assume Bernstein condition is satisfied with constant K.
Put A = n/ max(2K, 1),

Es[Eor, [R(0)] - R'|

max(2K, 1)KL(p||7)
n

<2 inf [Ep,[R(0)] — R
<2 inf [Eo[RO) ~ R+

p

@ Assume moreover the prior mass condition with C, D > 0.
2max(2K,1)D (eCn)
p log .

Es |Egvz, [R(0)] — R*| < o

For a full proof, see

@ Alquier, P. (2024). User-Friendly Introduction to PAC-Bayes bounds. Foundations and Trends in
Machine Learning, Now Publishers.

4

Pierre Alquier, ESSEC Business School PAC-Bayes
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Definition — Bernstein condition

Bernstein condition is satisfied with constant K if

E[ (Y, 6(X)) = €Y £-(X))’]
< KE[(Y, (X)) = (Y, :(X))| .

~ /
-~

=R(0)—R*

Mammen & Tsybakov margin assumption

\

Bernstein condition ————> fast rates

_——

Bartlett et al. convexity condition

Pierre Alquier, ESSEC Business School PAC-Bayes
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Mutual Information Bounds )
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Reminder — Catoni's PAC-Bayes bound, 2003

Fix A > 0 and 7. With proba. at least 1 — 6 on S, for any
randomized estimator p,

KL(p||7) +log 3 A

Eos[RO) < Bons[Ra(0)] + — 20 1 2

For A and 7 are fixed, this motivated the introduction of the
Gibbs posterior p = 7, that minimizes the r.h.s. Then, we
applied the bound in expectation to derive rates of
convergence :

KL(allm) | A

]Ee""ﬁ'k [Rn(g)] + )\ 8’7 :

Eg [EQN;TA[R(H)]] < Es

But... why did we keep the same \ and 77

Pierre Alquier, ESSEC Business School PAC-Bayes
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PAC-Bayes bound in expectation — v2.0

@ Fix A > 0, I and the randomized estimator p (for
example p = 7).

EHNﬁ[Rn(e)] L w 4L A

Es[Eos[R(O)]] < Es A el

.

Thus,
Es | gy R(0)]]

<inf inf [Eg

= A>0MeM(O) BovplRa(O] + — 17—+ 5,

A 8n

KL(7|M) A]

= Es[BnslRON] + o nf o B

Pierre Alquier, ESSEC Business School PAC-Bayes
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o KL(p|M) A
Bs Bl +ioh o o5 | A~

the infimum is reached, as shown by :

@ Catoni, O. (2007). PAC-Bayesian supervised learning : the thermodynamics of statistical learning.

IMS lecture notes — monograph series. J

EsKL(A[M) = EsKL(p[[Esp) + KL(EsA[M) .
—_——

=0 if N=Egp

o Esp € M(©) defined by [Esp](E) = Es[p(E)].
@ the first term in the r.h.s. has a nice interpretation...

Pierre Alquier, ESSEC Business School PAC-Bayes
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Let (U, V) ~ P. Let Py and Py denote their marginals. If U
and V were independent, P = Py ® Py.

Mutual information between two random variables

I(U, V) := KL(P||Py ® Py).

Note : Z(U, V) depends on the distribution P of (U, V), not on (U, V). This is

confusing... remember that E(U) is not a function of U

Proposition

(U, V) = Ey | KL(PvullPv)

Thus,
EsKL(p[|M) = ESKL(N|ESP)+KL(E$P|’H)

—7(0,5) =0 if N=Eg

Pierre Alquier, ESSEC Business School PAC-Bayes
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Es B [RO)]

P KL(p(M) A
< 5 B L L A
< Es[EodRON] + jof o Bs |5 * g

Cze.s) A
= B[R] + | 5 g

Mutual information bound

Bs [Eo-sRO] < Bs[EooslR(0N] +1/ 75

ﬁ Russo, D. and Zou, J. (2019). How much does your data exploration overfit ? controlling bias via

information usage. IEEE Transactions on Information Theory. y

Pierre Alquier, ESSEC Business School PAC-Bayes



From Empirical Bounds to Learning Rates
Excess Risk Bounds and Mutual Information Bounds Fast Rates
Mutual Information Bounds

Mutual information bound

7(0,S
Bs [Eo-sRO] < Bs [EooslR(ON] +1/ 75
(0, 5) = EsKL(p|[Es p) < EKL(7l|r)
MI : PAC-Bayes :
7(0,S) EsKL(p||7)
2n 2n
.C.atoni 8

Pierre Alquier, ESSEC Business School PAC-Bayes
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Example of improvement thanks to Ml bounds :

Theorem - excess risk bound

@ Assume the prior mass condition with C, D > 0.

@ Fix A =+/n/Dlog(D/n), and let 7\ be the Gibbs

posterior.

n

D
. < R* =
Es [EGNM[R(G)]] <R +0(y/Zlog
Informal statement - excess risk bound
D
Es [EeNﬁA[R(Q)]] <R +0(4/=

For more details, see :

B Alquier, P. (2024). User-Friendly Introduction to PAC-Bayes bounds. Foundations and Trends in

Machine Learning, Now Publishers.

Pierre Alquier, ESSEC Business School PAC-Bayes
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€© Empirical PAC-Bayes Bounds for Time Series
@ Mathematical Tools
o PAC-Bayes Bounds for Time Series
@ Towards Empirical Bounds

Pierre Alquier, ESSEC Business School PAC-Bayes
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From now on, we no longer assume that (X1, Y1),...,(Xs, Ya)
are independent.

@ We still assume that they are indentically distributed.
Actually, we will work under the assumption that
(Xt, Yi)tez is a stationary time series.

@ Special case : (X;):cz is a time series, and Y; = Xi1.

Pierre Alquier, ESSEC Business School PAC-Bayes
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Some mathematical tools. )

Pierre Alquier, ESSEC Business School PAC-Bayes
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Let A C £ and B C € be o-fields. If A and B are
independent, then for A € A and B € B, we have

P(AN B) = P(A)P(B).
Definition — a-coefficient

a(A,B) = sup

AcA,BeB

P(AN B) — P(A)P( B)‘.

Definition — @-coefficient

o(A,B) = sup

AeA,BeB

P(B|A) - P(B)|.

Definition — B-coefficient

BeB

B(A,B) =E [sup P(B|A) — 11»(3)‘] .

Pierre Alquier, ESSEC Business School PAC-Bayes
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Proposition

0 0<a(A B)<1/4
0 0< (A B)<1
0 2a(A,B) < (A, B) < ¢(A, B).

Application : we can measure the dependence between the
future and the past of a time series !

a-mixing coefficients

Let U = (U;)ten be a sequence of random variables. We put,
for any k € N,

ay(k) = SUP04<U(U0, Ui, ..., Ut), 0(Ussi; Upgisr, - - - ))

teN

Similar definitions for Sy(k) and ¢y(k).
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Example : Markov chains.
@ state space U,
@ initial distribution : Uy ~ pu(-),
@ transition kernel : U 1|U; = u ~ P(u,-).

Notations :

nP() = [ u(duP(u..)
P*(u,-) I/P(U,dv)P(v,~), P* defined recursively.

A proba. measure p is invariant iff : uP = p.
Consequence of these notations :

o Uy ~ uP(+).
@ if pisinvariant : U; ~ puPt(-) = p, the chain is stationary.
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Example continued. If (U;):en is a Markov chain :

SOU(k) = SUP‘P(U(Um U17 ey Ut)a O-(Ut—i—ka Ut+k+17 ce ))

teN

= sup e (9(U),o(Uesr) ).

teN

If 14 is invariant (stationary chain) :

eul) = ¢ (a(U).o(U1) ).

Theorem — Davydov 1973

pulk) = sup 1P (u, ) = ()l

Bu(k) =Y p(w)|P*(u,-) = u()llrv-

uel

Pierre Alquier, ESSEC Business School PAC-Bayes
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wu(k)zigg 1P (u, )= (v, Bulk) = D u(u)| P(u, )= () |7v.

ueld

Definition

The chain is said to be uniformly ergodic ifthere is C > 0 and
p € [0,1) such that sup,;, |P*(u,) — p()|lrv < Cpk.

If U is a finite set, and the chain (U;) is aperiodic and
irreducible, then it is uniformly ergodic.

In the infinite case, we can find examples such that :
e py(k) < Cpk,
@ or By(k) < Cp* but py(k) = C > 0.

Pierre Alquier, ESSEC Business School PAC-Bayes
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- Probability Theory and Stochastic Modelling 80
Lecture Notes in

Statistics

Emmanuel Rio

Asymptotic Theory
of Weakly Dependent
Random Processes

@ Springer

Pierre Alquier, ESSEC Business School PAC-Bayes
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Example of the results you can prove with these coefficients :

Theorem (LLN and CLT under S-mixing)

Assume (U;)en is a starionary series with >~/ o By(k) < oc.
Let g be a real-valued function such that E[g?(U;)] < co.
Then :

o 130, g(Us) == Elg(Uh)]
@ we have V(g) =3 2, Cov(g(lh), g(U:)) < +o0 and

Nz (1 S e(Us) - E[g(Ul)]) 5 M0, V(g)).

4

The (weaker) assumption Y~ ay(k) < oo alone implies only
LLN.

Pierre Alquier, ESSEC Business School PAC-Bayes
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Reminder : exponential moment of the risk (i.i.d. case)

VA€ R, Es exp{)\[R(H) - R,,(@)] } < exp (g—;) .

Exponential moment of the risk — o-mixing case

Put U, = (X¢, Y:) and assume X := > ¢y(k) < +oo. For
any A > 0,

Es exp{)\[R(H) - Rn(e)} } < exp <#j22)> .

Direct application of

v

@ Rio, E. (2000). Inégalités de Hoeffding pour les fonctions lipschitziennes de suites dépendantes.
Compte Rendus de L’Académie des Sciences.

Pierre Alquier, ESSEC Business School PAC-Bayes
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PAC-Bayes Bounds for Time Series )

Pierre Alquier, ESSEC Business School PAC-Bayes
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Theorem — essentially from Alquier and Li (2012)
Fix A > 0 and 7. With proba. at least 1 — 6 on S, for any p,

Eo[R(0)]
KL(p||7) + log 5 N AL+ 230 @o(U))?

< 5 .
< EonglRo(8)] +—2 . J

@ Pros : we can also prove a bound in expectation, and
derive rate of convergences, etc.

@ Cons : in practice, we don't know ¢,(U) so the result is
useless for practical purposes. Similar results proven by
other authors suffer the same issue.

Pierre Alquier, ESSEC Business School PAC-Bayes
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Fard, M. M., Pineau, J. and Szepesvari, C. (2012). PAC-Bayesian policy evaluation for

reinforcement learning. UAI.

Alquier, P. and Wintenberger, O. (2012). Model selection for weakly dependent time series
forecasting. Bernoulli.

Alquier, P. and Li, X. (2012). Prediction of quantiles by statistical learning and application to

GDP forecasting. 15th International Conference on Discovery Science.
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Towards Empirical Bounds (in the Markov case) J

Pierre Alquier, ESSEC Business School PAC-Bayes
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@ Karagulyan, V. and Alquier, P. (2026). Empirical PAC-Bayes bounds for Markov chains. AISTATSAJ

Pierre Alquier, ESSEC Business School PAC-Bayes
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From now, we assume :

@ (X;): is a stationary Markov chain with kernel P,

@ Y; = F(X;, &) for some i.i.d. sequence ().
This implies : Y;|X; = x has the distribution of F(x,e;). We
can let Q(x, -) denote this distribution.

()
Q Q Q
Yi—1 Yt Yt+1

Note that this makes U; = (X, Y;) a Markov chain with kernel
Pu((x,y),d(x,y")) = P(x,dx)Q(x', dy).

Pierre Alquier, ESSEC Business School PAC-Bayes
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Definition : reversal kernel

Assume P has a unique invariant p, we put :

P(v, du)u(dv)‘

P*(u,dv) = (du)

@ interpretation : in the stationary regime, the distribution

p(xe) P(xe, dxeq1) = P*(Xeq1, dxe) p(xer)-

@ note that P*P is also a Markov kernel.
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Definition

For a Markov kernel M, 1 is an eigenvalue of M. Let m;
denots its multiplicity. Define :

0ifm1>1,

(M) =
1 —sup{\ €sp(M), A <1} otherwise.

Definition — pseudo spectral-gap

‘= max MRS ((P*)kPk)
Vps = e K :

| \_

ﬁ Paulin, D. (2015). Concentration inequalities for Markov chains by Marton couplings and spectral

methods. Electronic Journal of Probability. )
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Fix 0 < A < 55 and a prior 7. With probability at least 1 — ¢
on S, for any p,

KL(p||7) +log: 8\
Eg-p[R(O)] < EomplRo(6)] + il ”M) 55 &
ps
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Assume we have an estimator 4,5 of 7,5 such that

"

With probability at least 1 — § — a on S, for any p,

Tos _ 1’ > e) < a(n, e, P) =: a.
Vps

KL(p||7) +log: 8\
Eos[R(0)] < Eop[Ra(0)] + (1 + €) (PII/W) 5 4 =,
ps

Pierre Alquier, ESSEC Business School PAC-Bayes



Mathematical Tools

PAC-Bayes Bounds for Time Series
Empirical PAC-Bayes Bounds for Time Series Towards Empirical Bounds

Example : finite state space {1,...,d}

ﬁ Wolfer, G. and Kontorovich, A. (2019). Estimating the mixing time of ergodic markov chains.
COLT.

ﬁ Wolfer, G. and Kontorovich, A. (2024). Improved estimation of relaxation time in nonreversible
Markov chains. The Annals of Applied Probability.

N (i,j) = 1 [ X@enk = i, Xipek = J]

=
=
—
~.
~—

=

. AL N"(i J)
Xiv—1k =11, and Lk(’,J) = —,
Hsen=1] NE()N()

Note : [* estimates L* = diag(u)z P*diag(p) 2.

Fix K > 0, put 4psx = max {'7(([")7-["), 1<k< K}. J
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Proposition (Wolfer and Kontorovich)

For K = [2], we have

"

Tosk _ 1‘ > e> < a(n,e, P)
Vps

where cip
1(P) exp (—nfyf)sezCz(P)) .

a(n,e, P) = ——=
€ y

With probability at least 1 —§ — @ on S, for any p,

KL(p||w) +logt 8X
oo lR(O)) < EooplR(O)] + (1 + )2 ATt 2B B
ps,

v
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@ Infinite case : not possible to estimate v, in general.
@ However, under additional assumptions, this can be
feasible.
Proposition
Assume there is a € [—1, 1] such that

Xt+1 = aXt + &g, with Ep ™ N(O, 1)

Then
Yps =1 — a2,

.
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Reminder
Fix A > 0 and 7. With proba. at least 1 — 6 on S, for any p,

Eop[R(0)]

KL(p||) + log 3 L AM+23 0 (V)"

< ~
< EonglRo(8)] +—2 -

@ Going beyond the Markov case will require to estimate
the full sequence of ¢-coefficients.

@ This in an open problem!

@ However, estimation of o and 3-mixing coefficients was
done recently :

B Khaleghi, A. and Lugosi, G. (2023). Inferring the mixing properties of a stationary ergodic process
from a single sample-path. IEEE Transactions on Information Theory.
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dtipup
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