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The Maximum Likelihood Estimator (MLE)

Let Xi,...,X, beiidin X from a probability distribution P,.
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The Maximum Likelihood Estimator (MLE)

Let Xi,...,X, beiidin X from a probability distribution P,.

Statistical inference :
@ propose a model (Py, 0 € ©), assume Py = Py,.
o compute 0, = 0,(X1,..., X,).
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The Maximum Likelihood Estimator (MLE)

Let Xi,...,X, beiidin X from a probability distribution P,.

Statistical inference :
@ propose a model (Py, 0 € ©), assume Py = Py,.
@ compute 6, = 0,(Xy,..., X,).

Letting py denote the density of Py, then

n

OMLE — arg max L(6), where L(0) = Hpg(X,-).
0€o Py
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The Maximum Likelihood Estimator (MLE)

Let Xi,...,X, beiidin X from a probability distribution P,.

Statistical inference :
@ propose a model (Py, 0 € ©), assume Py = Py,.
@ compute 6, = 0,(Xy,..., X,).

Letting py denote the density of Py, then

n

OMLE — arg max L(6), where L(0) = Hpg(X,-).
0€o Py

Example : P(yo) = N(m, 0?) then
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MLE not unique / not consistent

Example : I

exp(—|x — 0])

po(x) = , : A\
o) 2\/7lx — 0] AN
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MLE not unique / not consistent

Example : I

_ exp(—|x — 6)

po(x , :
() 2\/7lx — 0] AN

exp (=3 iy [Xi — 0])

L(8) = .
A NN

‘‘‘‘‘
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MLE fails in the presence of outliers

What is an outlier?
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MLE fails in the presence of outliers

What is an outlier ?
Huber proposed the contamination model : with probability ¢,
X; is not drawn from Py, but from @ that can be anything :

POZ (1—€)P90+€Q.
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MLE fails in the presence of outliers

What is an outlier?

Huber proposed the contamination model : with probability ¢,
X; is not drawn from Py, but from @ that can be anything :

POZ (1—€)P90+€Q.

Example : Py = Unif[0, 0], then
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MLE fails in the presence of outliers

What is an outlier?

Huber proposed the contamination model : with probability ¢,
X; is not drawn from Py, but from @ that can be anything :

POZ (1—€)P90+€Q.

Example : Py = Unif[0, 0], then

1+ .
L(0) = on H Lio<x,<6y = 0 = max X.

! 1<i<n
i=1
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MLE fails in the presence of outliers

What is an outlier ?
Huber proposed the contamination model : with probability ¢,
X; is not drawn from Py, but from @ that can be anything :

Po=(1—¢)Py, +eQ.
Example : Py = Unif[0, 0], then

1+ .
L(0) = on H Lio<x,<6y = 0 = max X.

! 1<i<n
i=1

In the case of the following contamination, the MLE is
extremely far from the truth :

Py = (1 — &).Unif[0,1] + N (10%)1)...
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Some examples

Yatracos' skeleton estimate 0 :

dim(©)

E |drv(Pay, Po)| < 3drv(Po, Pay) + C.

where
drv(P,Q) = sup |P(E) — Q(E)|.

@ Yatracos, Y. G. (1985). Rates of convergence of minimum distance estimators and Kolmogorov's
entropy. Annals of Statistics.
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Some examples

Yatracos' skeleton estimate 0 :

dim(©)

n

E |drv(Pay, Po)| < 3drv(Po, Pay) + C.

where
drv(P,Q) = sup |P(E) — Q(E)|.

@ Yatracos, Y. G. (1985). Rates of convergence of minimum distance estimators and Kolmogorov's

entropy. Annals of Statistics.

More recent work with the Hellinger distance :

@ Baraud, Y., Birgé, L., & Sart, M. (2017). A new method for estimation and model selection : J

p-estimation. Inventiones mathematicae.
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Problem with the aforementioned estimators : they cannot be
computed in practice.
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Problem with the aforementioned estimators : they cannot be
computed in practice.

Additional requirement : an estimator must be computable!!'! J
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Overview of the talk

Estimation via MMD optimization
@ Definition of the estimator

@ Basic properties

@ References and further works

Robustness to outliers and to dependence

@ Robustness to outliers and to dependence

@ Example : estimation of the mean of a Gaussian
@ Robustness to dependence

Further topics

@ Semi-parametric models
@ Copulas

o MMD-Bayes
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Estimation via MMD optimization Definition of the estimator

Basic properties
References and further works

@ CEstimation via MMD optimization
@ Definition of the estimator
@ Basic properties
@ References and further works
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Estimation via MMD optimization Definition of the estimator
Basic properties
References and further works

Reminder : kernels

Let H be a Hilbert space and any continuous function
® : X — H. The function

K(x,y) = (®(x), ®(y))%
is called a kernel.
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Estimation via MMD optimization Definition of the estimator
Basic properties
References and further works

Reminder : kernels

Let H be a Hilbert space and any continuous function
® : X — H. The function

K(x,y) = (®(x), ®(y))y
is called a kernel. Conversely :

Mercer's theorem

Let K(x,y) be a continuous function such that for any
(x1,...,%,) € X" and (c1,...,¢) #(0,...,0) € R,

z”: z”: cic;iK(x;, x;) > 0,

i=1 j=1

then there is H and ® such that K(x,y) = (®(x), ®(y))-
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Estimation via MMD optimization Definition of the estimator
Basic properties
References and further works

Reminder : MMD

Assume that the kernel is bounded : 0 < K(x,y) < 1.
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Estimation via MMD optimization Definition of the estimator
Basic properties
References and further works

Reminder : MMD

Assume that the kernel is bounded : 0 < K(x,y) < 1.

Consider, for any probability distribution P on X,
1k (P) = Exp [®(x)].
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Estimation via MMD optimization Definition of the estimator
Basic properties
References and further works

Reminder : MMD

Assume that the kernel is bounded : 0 < K(x,y) < 1.

Consider, for any probability distribution P on X,
pik(P) = Ex~p [®(x)].
The kernel K is said to be characteristic if
nk(P) = pk(Q) = P = Q.
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Estimation via MMD optimization Definition of the estimator
Basic properties
References and further works

Reminder : MMD

Assume that the kernel is bounded : 0 < K(x,y) < 1.

Consider, for any probability distribution P on X,
pik(P) = Ex~p [®(x)].
The kernel K is said to be characteristic if
nk(P) = pk(Q) = P = Q.

lx=yll

K(x,y) = exp(—”X;—{Hz) and exp(—T) are char. kernels.
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Estimation via MMD optimization Definition of the estimator
Basic properties
References and further works

Reminder : MMD

Assume that the kernel is bounded : 0 < K(x,y) < 1.

Consider, for any probability distribution P on X,
pik(P) = Ex~p [®(x)].
The kernel K is said to be characteristic if
nk(P) = pk(Q) = P = Q.

K(x,y) = exp(—”X;—{Hz) and exp(—”xw;y”) are char. kernels.

Definition : the MMD distance

Dk (P, Q) = [lux(P) — k(@) -
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Estimation via MMD optimization Definition of the estimator
Basic properties
References and further works

MMD-based estimator

Reminder of the context :
Q Xi,...,X,beiidin X from a probability distribution Py,
© model (Py,0 € O).
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Estimation via MMD optimization Definition of the estimator
Basic properties
References and further works

MMD-based estimator

Reminder of the context :
Q Xi,...,X,beiidin X from a probability distribution Py,
© model (Py,0 € O).

Definition - MMD based estimator

" - R RS
9’/://MD = arg min Dg (Pg, P,,) where Pn = — Z(Sxi.
0€0 L

Pierre Alquier, RIKEN AIP Parametric estimation via MMD optimization



Estimation via MMD optimization Definition of the estimator
Basic properties
References and further works

A bound in expectation

For any Py, when Xi, ..., X, are i.i.d from Py,

E [Dc (Paywo, Po) | < inf Dic(Ps, Po) + %
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Estimation via MMD optimization Definition of the estimator
Basic properties
References and further works

Proof of the theorem : preliminary lemma

For any Py, when Xi, ..., X, are i.i.d from P,

oo (5. #)] < &
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Estimation via MMD optimization Definition of the estimator
Basic properties
References and further works

Proof of the theorem : preliminary lemma

For any Py, when Xi, ..., X, are i.i.d from P,

<1/n.

A

Pierre Alquier, RIKEN AIP Parametric estimation via MMD optimization



Estimation via MMD optimization Definition of the estimator
Basic properties
References and further works

Proof of the theorem

V@, DK (Pé‘MMD,PO) S DK (PQA,IYIMD,ISn) +DK (FA)FHPO)
S]D)K (PQ,IS”) +DK (Isrn’DO)

< Dk (Py, PY) + 2D (/3”, P0>
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Estimation via MMD optimization Definition of the estimator
Basic properties
References and further works

Proof of the theorem

Vo, Dy (PéyMDa PO) <Dk (Pg'ymo, ISn) + Dy (:f’n, PO)
< Dk (Pe, ISn) + Dg (/Sn7 PO)
< Dx (Py, P°) + 2D (P, P°)

2

E []DK (PWMD, Po)} < (32(1; Dk (Py, Po) + % J
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Estimation via MMD optimization Definition of the estimator
Basic properties
References and further works

A bound in probability

We can replace the control on the expectation of Dy (,f’n, PO)

by a bound that holds with large probability, thanks to
McDiarmid's inequality.
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Estimation via MMD optimization Definition of the estimator
Basic properties
References and further works

A bound in probability

We can replace the control on the expectation of Dy l5r,, PO)

by a bound that holds with large probability, thanks to
McDiarmid's inequality.

For any Py, when Xi, ..., X, are i.i.d from Py, with probability
at least 1 — 4,

_ 2+42/2log ()
Dk (P, P°) < inf D (Po, P°) + NG :
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Estimation via MMD optimization Definition of the estimator
Basic properties
References and further works

LD 7

How to compute

We actually have

R 2 —
D% (Ps, Pn) = Ex,x~p, [K(X, X)] = - > Exep, [K(X:, X)]

i=1

1
+ > KX, X)

1<ij<n
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Estimation via MMD optimization Definition of the estimator
Basic properties
References and further works

How to compute §MMD 7

We actually have

R 2 —
D% (Ps, Pn) = Ex,x~p, [K(X, X)] = - > Exep, [K(X:, X)]

i=1

1
+ > KX, X)

and so 1Siren

VeD2(Py, P,)

Vo[log ps(X )]}

= 2Ex x/p, { KX, X) =~ > K(Xi, X)

that can be approximated by sampling from Py.
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Estimation via MMD optimization on of the estimator
properties
References and further works

bibliography

@ Dziugaite, G. K., Roy, D. M., & Ghahramani, Z. (2015). Training generative neural networks via

maximum mean discrepancy optimization. UAI 2015.

define the estimator and used it to train GANs.
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Estimation via MMD optimization Definition of the estimator
Basic properties
References and further works

Short bibliography

@ Dziugaite, G. K., Roy, D. M., & Ghahramani, Z. (2015). Training generative neural networks via }

maximum mean discrepancy optimization. UAI 2015.

define the estimator and used it to train GANs.
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Estimation via MMD optimization

Definition of the estimator
Basic properties
References and further works

bibliography

@ Dziugaite, G. K., Roy, D. M., & Ghahramani, Z. (2015). Training generative neural networks via
maximum mean discrepancy optimization. UAI 2015.

define the estimator and used it to train GANs

@ Briol, F. X., Barp, A., Duncan, A. B., & Girolami, M. (2019). Statistical Inference for Generative
Models with Maximum Mean Discrepancy. Preprint arXiv :1906.05944.
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Estimation via MMD optimization Definition of the estimator
Basic properties
References and further works

Short bibliography

@ Dziugaite, G. K., Roy, D. M., & Ghahramani, Z. (2015). Training generative neural networks via J

maximum mean discrepancy optimization. UAI 2015.

define the estimator and used it to train GANs.

tw < E¥es
e S~ (A = L
ki x 2
SIE 1 ¢ s i
[ i =t i o o= :
[SEER T o = 3 ¥
L= 2he> - oy Y rary
~1= | ey vasl ] 4 > b =
| 5 Ao g
B T s
=l= 3 L I EYIE

@ Briol, F. X., Barp, A., Duncan, A. B., & Girolami, M. (2019). Statistical Inference for Generative
Models with Maximum Mean Discrepancy. Preprint arXiv :1906.05944.

provided the first theoretical study : asymptotic distribution.
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Robustness to outliers and to dependence
Robustness to outliers and to dependence Example : estimation of the mean of a Gaussian

Robustness to dependence

@ Robustness to outliers and to dependence
@ Robustness to outliers and to dependence
@ Example : estimation of the mean of a Gaussian
@ Robustness to dependence
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Robustness to outliers and to dependence
Robustness to outliers and to dependence Example : estimation of the mean of a Gaussian
Robustness to dependence

Huber contamination model

In this section, | will present the results of the following
preprint.

@ Chérief-Abdellatif, B.-E. and Alquier, P. (2019). Finite Sample Properties of Parametric MMD
Estimation : Robustness to Misspecification and Dependence. Preprint arxiv :1912.05737.
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Robustness to outliers and to dependence
Robustness to outliers and to dependence Example : estimation of the mean of a Gaussian
Robustness to dependence

Huber contamination model

Reminder

. 2
E [Di (Pyguo, Po) | < nf Di(Po, Po) + NG
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Robustness to outliers and to dependence
Robustness to outliers and to dependence Example : estimation of the mean of a Gaussian
Robustness to dependence

Huber contamination model

Reminder

. 2
E []D)K <ngMD, Po)} < elggDK(Pea PO) +—=.

Vn

Huber contamination model : Py = (1 — €) Py, + Q.
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Robustness to outliers and to dependence
Robustness to outliers and to dependence Example : estimation of the mean of a Gaussian
Robustness to dependence

Huber contamination model

Reminder

E []DK (PérMMD; Poﬂ < gggDK(PO, Po) + %

Huber contamination model : Py = (1 — €) Py, + Q.

Dk (Pay, Po) = [|Po, — [(1 — €) Py, + Q)%
< || Poo | + €| QI n
= 2¢.
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Robustness to outliers and to dependence
Robustness to outliers and to dependence Example : estimation of the mean of a Gaussian
Robustness to dependence

Huber contamination model

Reminder

E [Dc (Pyyuo, Po)] < inf Dic(Po, Po) + %

Huber contamination model : Py = (1 — €) Py, + Q.

DK(PQO, Po) S 2¢.

When Xi, ..., X, are i.i.d from (1 — &)Py, 4+ cQ,

2
E D (Poymwo, Poo) | < 42+ —=.

Vn
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Robustness to outliers and to dependence
Robustness to outliers and to dependence Example : estimation of the mean of a Gaussian
Robustness to dependence

Example : Gaussian mean estimation

Example : the model is given by py = N(6,021) for 6 € R
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Robustness to outliers and to dependence
Robustness to outliers and to dependence Example : estimation of the mean of a Gaussian
Robustness to dependence

Example : Gaussian mean estimation

Example : the model is given by py = N (6, 021) for 6§ € RY.

Using a Gaussian kernel K(x,y) = exp(—||x — y?||/7?), from
the previous theorem and from the equality

d
2 ! o - o
D2 (Py, Py) =2 —L 1—exp(—
i (Po. Po) (402+72) { eXp( 402+72>]

we obtain

E |82 — b))

d
1 402 +2\ ?
< —(40® ++?)log [1 —4 (— +52> (U—jv> ] .
n v
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Robustness to outliers and to dependence
Robustness to outliers and to dependence Example : estimation of the mean of a Gaussian
Robustness to dependence

Example : Gaussian mean estimation

Example : the model is given by py = N (6, 021) for 6§ € RY.

Using a Gaussian kernel K(x,y) = exp(—||x — y?||/7?), from
the previous theorem and from the equality

d
2 ! o - o
D2 (Py, Py) =2 —L 1—exp(—
i (Po. Po) (402+72) { eXp( 402+72>]

we obtain

E [||9“,WD - 90||2} take 7 = 2do?

d
1 402 +2\ ?
< —(40® ++?)log [1 —4 (— +52> (U—jv> ] .
n v
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Robustness to outliers and to dependence
Robustness to outliers and to dependence Example : estimation of the mean of a Gaussian
Robustness to dependence

Example : Gaussian mean estimation

Example : the model is given by pg = N (0, o21) for § € RY.

Using a Gaussian kernel K(x,y) = exp(—||x — y?||/7?), from
the previous theorem and from the equality

D2 (o, Po) =2 () 1= ep (MO0
KD 4o2 + 2 40242

we obtain

Nl

" 1
E [WMD . eouﬂ < do? (E + 52> . ’
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Robustness to outliers and to dependence
Robustness to outliers and to dependence Example : estimation of the mean of a Gaussian
Robustness to dependence

Example : Gaussian mean estimation, simulations

Model : N'(6,1), and Xi,..., X, i.i.d N(6p,1), n =100 and
we repeat the experiment 200 times.

@MLE éI\/IMD
mean absolute error 0.0722 0.0838
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Robustness to outliers and to dependence
Robustness to outliers and to dependence Example : estimation of the mean of a Gaussian
Robustness to dependence

Example : Gaussian mean estimation, simulations

Model : N'(6,1), and Xi,..., X, i.i.d N(6p,1), n =100 and
we repeat the experiment 200 times.

@MLE éI\/IMD
mean absolute error 0.0722 0.0838

Now, £ = 2% of the observations drawn from a Cauchy.

mean absolute error 0.2349 0.0953
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Robustness to outliers and to dependence
Robustness to outliers and to dependence Example : estimation of the mean of a Gaussian
Robustness to dependence

Example : Gaussian mean estimation, simulations

Model : N'(6,1), and Xi,..., X, i.i.d N(6p,1), n =100 and
we repeat the experiment 200 times.

éMLE éI\/IMD
mean absolute error 0.0722 0.0838

Now, £ = 2% of the observations drawn from a Cauchy.

mean absolute error  0.2349 0.0953
Now, ¢ = 1% are replaced by 1, 000.

mean absolute error 10.018 0.0903

Pierre Alquier, RIKEN AIP Parametric estimation via MMD optimization



Robustness to outliers and to dependence
Robustness to outliers and to dependence Example : estimation of the mean of a Gaussian
Robustness to dependence

And now, non-independent observations

When Xi, ..., X, are identically distributed from Py,

E [ID)K (ﬁn, PO)] <?
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Robustness to outliers and to dependence
Robustness to outliers and to dependence Example : estimation of the mean of a Gaussian
Robustness to dependence

And now, non-independent observations

When Xi, ..., X, are identically distributed from Py,

E [ID)K (ﬁn, PO)] <?

—E [H(l/n) > (u(ox) - N(Po))Hi]
% Z E (1(dx,) — (Po), 11(0x;) — /L('DO)>H

1<i<j<n
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Robustness to outliers and to dependence
Robustness to outliers and to dependence Example : estimation of the mean of a Gaussian
Robustness to dependence

Mesure of dependence via covariance in H

Definition
When (Xi,...,X,,...) is a stationary process with marginal
distribution Py, we put :

on = |E (1(0x..,) — 11(Po), 11(0x.) = 11(Po)),, | -
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Robustness to outliers and to dependence
Robustness to outliers and to dependence Example : estimation of the mean of a Gaussian
Robustness to dependence

Mesure of dependence via covariance in H

When (Xi,...,X,,...) is a stationary process with marginal
distribution Py, we put :

on = |E (1(0x..,) — 11(Po), 11(0x.) = 11(Po)),, | -

Lemma - dependent case
When Xi, ..., X, are identically distributed from Py,

14 Z Qh]
h=1

B [oi ()] <5
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Robustness to outliers and to dependence
Robustness to outliers and to dependence Example : estimation of the mean of a Gaussian
Robustness to dependence

Mesure of dependence via covariance in H

When (Xi,...,X,,...) is a stationary process with marginal
distribution Py

2+ 222:1 Oh

E [Dx (Poguo, Po ) | < jnf Dic(Po, Po) + =
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Robustness to outliers and to dependence
Robustness to outliers and to dependence Example : estimation of the mean of a Gaussian
Robustness to dependence

Mesure of dependence via covariance in H

Theorem - dependent case

When (Xi,...,X,,...) is a stationary process with marginal
distribution Py

2+ 222:1 Oh

E [Dx (Poguo, Po ) | < jnf Dic(Po, Po) + =

© assume that > 7. 0p = ¥ < +oo then
h=1

2+ 2%
T

E [DK (P@yMD, Po)] < eiggDK(Pey 'DO) +
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Robustness to outliers and to dependence
Robustness to outliers and to dependence Example : estimation of the mean of a Gaussian
Robustness to dependence

Mesure of dependence via covariance in H

Theorem - dependent case

When (Xi,...,X,,...) is a stationary process with marginal
distribution Py

2+72 Zﬂzl Oh

2 [ Py )] < PP P

@ assume that Y"}° 0 = X < 400 then

2+ 2%

E | D (Pamo, Po) | < inf Dic(Pa, Po) + n

@ we also have a bound in probability, based on Rio's version
of Hoeffding's inequality ; it requires more assumptions.
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Robustness to outliers and to dependence
Robustness to outliers and to dependence Example : estimation of the mean of a Gaussian
Robustness to dependence

An example : auto-regressive processes

Proposition
Assume that X, takes values in R and that
K(x,y) = F(||x — y||) where F is an L-Lipschitz function.

Assume that
Xep1 = AX; + €11

where the () are i.i.d with E||o]| < oo, and A is a matrix
with [[All = supj = [Ax]| < 1.
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Robustness to outliers and to dependence
Robustness to outliers and to dependence Example : estimation of the mean of a Gaussian
Robustness to dependence

An example : auto-regressive processes

Proposition

Assume that X, takes values in R and that

K(x,y) = F(||x — y||) where F is an L-Lipschitz function.
Assume that

Xep1 = AX; + €11

where the () are i.i.d with E||o]| < oo, and A is a matrix
with [[All = supj = [Ax]| < 1.
Then

2Bl g 5§, - 2AILE

oe < AIF=—77 :
t 1 —[|A] (1 —[lAl)?

t=1
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Robustness to outliers and to dependence
Robustness to outliers and to dependence Example : estimation of the mean of a Gaussian
Robustness to dependence

A non-mixing process with ¥ < +o00

Example : consider Xo ~ U([0,1]), 7, i.i.d Be(1/2) and

Xe + Neg1

Xt+1 - 9
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Robustness to outliers and to dependence
Robustness to outliers and to dependence Example : estimation of the mean of a Gaussian
Robustness to dependence

A non-mixing process with ¥ < +o00

Example : consider Xo ~ U([0,1]), 7, i.i.d Be(1/2) and

Xe + Neg1
—

It satisfies the assumptions of the previous proposition, we
have g, < L/2" and ¥ = 2L.

Xt+1 -
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A non-mixing process with ¥ < +o00

Example : consider Xo ~ U([0,1]), 7, i.i.d Be(1/2) and
Xt + Nes1

—

It satisfies the assumptions of the previous proposition, we
have g, < L/2" and ¥ = 2L.

Xt+1 -

Note however that this process is known to be non-mixing.
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Robustness to outliers and to dependence Example : estimation of the mean of a Gaussian
Robustness to dependence

A non-mixing process with ¥ < +o00

Example : consider Xo ~ U([0,1]), 7, i.i.d Be(1/2) and

Xe + Neg1
—

It satisfies the assumptions of the previous proposition, we
have g, < L/2" and ¥ = 2L.

Xt+1 -

Note however that this process is known to be non-mixing.

More generally, we prove the following result :

Proposition

Under some (non-restrictive) assumption on the kernel K,

0+ < ck.: (the S-mixing coef.)
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© Further topics
@ Semi-parametric models
@ Copulas
o MMD-Bayes
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Problem with semi-parametric models

The method, as explained so far, must describe completely the
distribution of the observations.
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Problem with semi-parametric models

The method, as explained so far, must describe completely the
distribution of the observations. But this is often not the case
in practice ! For example

@ in regression, we observe (X, Y) and we only want to
modelize Py|x, but not Px.
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Problem with semi-parametric models

The method, as explained so far, must describe completely the
distribution of the observations. But this is often not the case
in practice ! For example

@ in regression, we observe (X, Y) and we only want to
modelize Py|x, but not Px.

@ in copulas, we observe (V;, V,) and we want to modelize
their copula, that is the c.d.f of (Fy,(V1), F\,(V2)) on
[0,1]? but we are not interested in Fy, nor Fy,.
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Problem with semi-parametric models

The method, as explained so far, must describe completely the
distribution of the observations. But this is often not the case
in practice ! For example

@ in regression, we observe (X, Y) and we only want to
modelize Py|x, but not Px.

@ in copulas, we observe (V;, V,) and we want to modelize
their copula, that is the c.d.f of (Fy,(V1), F\,(V2)) on
[0,1]? but we are not interested in Fy, nor Fy,.

[=)

Alquier, P. and Gerber, M. (2020). Universal Robust Regression via Maximum Mean Discrepancy.
Preprint arxiv :2006.00840.

@ Alquier, P., Chérief-Abdellatif, B.-E., Derumigny, A. and Fermanian, J.-D. (2020). Estimation of
copulas via Maximum Mean Discrepancy. Preprint arXiv : 2010.00408.
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Regression with MMD

'D?X,Y) = P?/|XP>O<
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Regression with MMD

'D?X,Y PY|XP0

0 .
PY\X estimated by ng X)

Ex: Qgu,x) = /\/'(;LTX, 1).
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Regression with MMD

'D?X,Y) = P?/|XP>O<

0 .
PY\X estimated by ng X)

~ 1
P$ estimated by Px = = > 6x..
T X X X,
Ex : Qg(u,x) =N(p' X, 1). ni— "
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Regression with MMD

'D?X,Y) = P?/|XP>O<

0 .
PY\X estimated by ng X)

~ 1
P$ estimated by Px = = > 6x..
T X X X,
Ex : Qg(u,x) =N(p' X, 1). ni— "

Product kernel : K((x,y),(x',y")) = Kx(x, x"YKy(y, y').
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Regression with MMD

'D?X,Y) = P?/|XP>O<

0 .
PY\X estimated by ng X)

~ 1
P$ estimated by Px = = > 6x..
T X X X,
Ex : Qg(u,x) =N(p' X, 1). ni— "

Product kernel : K((x,y),(x',y")) = Kx(x, x"YKy(y, y').

DK(Qg(ﬂyX)/SX, P3|XISX) < ... straightforward !
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Regression with MMD

'D?X,Y) = P?/|XP>O<

0 .
PY\X estimated by ng X)

~ 1
P$ estimated by Px = = > 6x..
T X X X,
Ex : Qg(u,x) =N(p' X, 1). ni— "

Product kernel : K((x,y),(x',y")) = Kx(x, x"YKy(y, y').

DK(Qg(ﬂyX)/SX, P3|XISX) < ... straightforward !

DK(Qg(ﬁ,7X)P§)(, P?/‘XPEJ() < ... quite difficult.
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Regression with MMD

'D?X,Y) = P?/|XP>O<

0 .
PY\X estimated by ng X)

~ 1
P$ estimated by Px = = > 6x..
T X X X,
Ex : Qg(u,x) =N(p' X, 1). ni— "

Product kernel : K((x,y),(x',y")) = Kx(x, x"YKy(y, y').

DK(Qg(ﬂyX)/SX, P3|XISX) < ... straightforward !

DK(Qg(ﬁ,7X)P§)(, P?/‘XPEJ() < ... quite difficult.

Requires : f(x,y) € Hik = Ey.q,,,[f(x, Y)] € Hk,-
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Estimation of copulas with MMD

Estimation of copulas : we observe (V4 ;, V2,i)1<i<n-

@ estimate F\, by the empirical c.d.f Fi,
@ estimate F, by the empirical c.d.f F,
@ standard MMD procedure with kernel Ky on

(Ul,ia U2,i) = (/:_1(\/1,/)7 ":_2(V2,i))~
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Estimation of copulas with MMD

Estimation of copulas : we observe (V4 ;, V2,i)1<i<n-

@ estimate F\, by the empirical c.d.f Fi,
@ estimate F, by the empirical c.d.f F,
@ standard MMD procedure with kernel Ky on

(Ul,ia U2,i) = (ﬁl(vl,i)v ﬁ2(v2,i))'

Theorem
With probability larger than 1 — 6 — v € (0, 1),

1
AL \/§H8(2)KUHOO log (z>
n v

; 8
Dy, (P, Po) < inf D, (Po, Po) + \E
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Estimation of copulas with MMD

Theorem
With probability larger than 1 — 6 — v € (0, 1),

1
14 4/log (5)]
+ \/§H8(2)KUHOOIog (2>
n 1%

o studies the asymptotic normality of 6, under some
assumptions on the model.

i 8
Dy, (P, Po) < inf D, (Ps, Po) + \/;

The paper also :

@ introduces the R package MMDCopula

Pierre Alquier, RIKEN AIP Parametric estimation via MMD optimization
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The package MMDCopula

MHDCopula: Robust Estimation of Copulas by Maximum Mean Discrepancy

R Provide funcions or the robustesimtion f parameric famile o copulas using iimizato of the Maximum Mean Discrepancy.following the atce Aluier, ChéritAbdla,
Derumiany and Femanian (3050, <aX3030.004085
Verson 010
an Depens R(=360

it imports VineCopula, cubature, paPP, andiosbox

{hatls new? Suggests: knitr, rmarkdown

B rores: 20201013
Rutnor Hoxis Deruminy © taut, crel, Pl Al © {aut Jean David Femanian  [aut, SadEddine Chiriet Al aut
Wolntaner;  Aleis Derumigny <a.£dsrumiany o utwente.>

RHomenage e :

The B Joumal License: GPL:3

sotare NeesComplation: no

Roinces Woterate - BLADME NEWS

%?T"ugi‘:f CRAN checks: MMDCopula results

Other Downloads :

Documentation

Manuals.

Reference manual: MMDCopula.odf

£AOs Vignettes The MMD copuila package: robust estimation of parametric copula models by MMD minimization
Centributed Package source:  MMDCopula_0.1.0.tar.0z

Windows binaries: r-devel: MMDCopula_0.1.0.zio, rrelease: MMDCopula_0.1.0.7ip, r-oldrel: MMDCopula_0.1.0.zip
mMacOs binaries:  r-release: MMDCopula_0.1.0.tgz, r-oldrel: MMDCopula_0.10.tgz

Linking

Please use the canonical form https://CRAN.R-project. org/package=MMDCopula to link to this page.

Uses a stochastic gradient algorithm to compute the MMD
estimator of the parameter(s)

© of the main copulas models : Gaussian, Frank, Clayton,
Gumbel, Student, etc.

© using various kernels : Gaussian, Laplace, etc.

RIKEN AIP Parametric estimati
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Example : Gaussian copulas

MSE with uniform outliers on [0,1]°2 MSE with outliers in the top-left comer

Estimator Estimator

MSE

shareOutiers shareOutiers

MSE with outliers in the bottom-left comer

Estimator
e

MSE

[ pp——

shareOutiers
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Further topics

- other models

MSE with outliers in the top-left comer, Clayon family

Estmator

1w
i

o

shareOutiers

MsE

Semi-parametric models
Copulas
MMD-Bayes

MSE with outliers in the top-left comer, Gumbel family

Estimator

shareOutiers

MSE with outliers in the top-left comer, Frank family

MSE

shareOutiers

RIKEN AIP
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Estimator

Parametri



Semi-parametric models
Copulas
Further topics MMD-Bayes

MMD-Bayes

We also studied a “pseudo-Bayesian” version of the estimator :

p(0| X1, ..., X,) x exp (—B]D)f( (Pg, I3,,>> 7(0).

@ Chérief-Abdellatif, B.-E. and Alquier, P. (2020). MMD-Bayes : Robust Bayesian Estimation via
Maximum Mean Discrepancy. Proceedings of AABI.
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Thank you!

, RIKEN AIP i i ion via MMD opti
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