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Introduction

Multivariate time series
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Introduction

Multivariate time series
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Introduction

Partially observed multivariate time series

i jt=3]t=2]t—1]t |t4+1][t+2][t+3]...
1 12.5 17

2 1.2 3.8 2.9

3 0 7.2

4 4.2 3.1 2.4 2.3

5 23.1 45.1 1 39.9

6 4.1 4.1 6.3 2.9

7 0.1 0.9 0

8 34.7
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Introduction

ETIIES

@ econometrics : panel data with missing entries,
@ industry : data from sensors at multiple locations,

@ ecology : spatial data with observations from a few sites
only at each date,

@ more generally, any situation where we have multivariate
time series and each measurement is expensive.
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Introduction

Matrix completion methods

@ matrix completion T;]me Power of Con\:exCRelaxa(fon:
algorithms exist, and "
were successful in
many applications.

@ many of them are
based on a low-rank
assumption and on
matrix factorization.

@ however, the theory
was developped only in
the independent case.
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Matrix completion model

Matrix completion : the independent case e q 3
P P Minimax rate of estimation
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Matrix completion model
Minimax rate of estimation

Matrix completion : the independent case

Classical example : collaborative filtering
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Matrix completion model

Matrix completion : the independent case e a a
P P Minimax rate of estimation

A statistical model

There is a d x T matrix M and n i.i.d observations Yi,...,Y,
drawn as :

@ (i, je) drawn uniformly on {1,...,d} x {1,..., T},

o Yg = Mier + &
where g, is some noise (= 0 in the first papers on the topic,
subgaussian with variance o later).
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Matrix completion model

Matrix completion : the independent case e a a
P P Minimax rate of estimation

A statistical model

There is a d x T matrix M and n i.i.d observations Yi,...,Y,
drawn as :

@ (i, je) drawn uniformly on {1,...,d} x {1,..., T},

o Yg = Mier + &
where g, is some noise (= 0 in the first papers on the topic,
subgaussian with variance o later).

Key assumption : k := rank(M) < min(d, T) = K. |
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Matrix completion model

Matrix completion : the independent case e a a
P P Minimax rate of estimation

SVD & matrix factorization

e — . ) S —
=U (dxK) s (KxK) —VT (KxT)
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Matrix completion model

Matrix completion : the independent case e a a
P P Minimax rate of estimation

SVD & matrix factorization

M=|U|...|U... : - A

e — . ) S —
=U (dxK) s (KxK) —VT (KxT)

M = U1 Uk ) .

0 Ok VkT
=A (dxk) =B (kxT)
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Matrix completion model

Matrix completion : the independent case Minimax rate of estimation

Estimation

n min(d, T)
M = arg min Z(Yg — X, i)+ A Z on(X)
X =1 h=1
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. . . Matri leti del
Matrix completion : the independent case atrix compietion mode’
Minimax rate of estimation

Estimation

n min(d, T)
M* = arg min Z(Yg — X, i)+ A Z on(X)
X =1 h=1

For a well chosen )\ that does not depend on k, and under
minimal assumptions on M, with large probability

1 ~ 2 k(d+ T)log(d+ T
i

n

@ Koltchinskii, V., Lounici, K. and Tsybakov, A. (2011). Nuclear-norm penalization and optimal
rates for noisy low-rank matrix completion. The Annals of Statistics.
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. . . Using the time series structure : faster rates
Time series completion
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Generalization of the results for data to time series

. . . Using the time series structure : faster rates
Time series completion

Time series completion : the model
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Generalization of the results for i.i.d data to time series

. . . Using the time series structure : faster rates
Time series completion

Time series completion : the model

@ low-rank trend :
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Generalization of the results for i.i.d data to time series

. . . Using the time series structure : faster rates
Time series completion

Time series completion : the model

@ low-rank trend :

3
M\W W i
1870 1885 ma 1915 1830 345 FCO |975 1990 M — A B
E1] P, dxk kxT
LT g WA 4
L gl Al n s AR D @ temporal correlated
£e1 0 noise ¢ :
%: R G
W el aad

o5 o e oS A gj¢ indep. g (i # Jj)

D) N M
WW«[MW *ﬁ gi¢ Not indep. €; ¢

1870 1885 1900 1915 1030 1945 1960 1975 1990

LN (DENSITY)
24012

Pierre Alquier, RIKEN AIP Time Series Completion



Generalization of the results for i.i.d data to time series

. . . Using the time series structure : faster rates
Time series completion

Time series completion : the model
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@ (ig, ty) i.i.d uniform, &
observation noise :

Yf - Mf/zﬂfz + ity + 53‘
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Generalization of the results for i.i.d data to time series

. . . Using the time series structure : faster rates
Time series completion

Assumptions

Reminder : the model

Ye =M,

ty + 8ig,t@ + é-f

b
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Generalization of the results for i.i.d data to time series

. . . Using the time series structure : faster rates
Time series completion

Assumptions

Reminder : the model

\/Z = Mi Ste + 8ig,t@ + é-f
o M= \Af/\Bf, and |Ai,h|; |Bh,t| < CAB/\/E.
dxk kxT
o (ig, ty) iiid uniformon {1,...,d} x{1..., T};
@ (&it)t=1,..7 is a bounded, ¢-mixing time series :
leie] < m. and Zﬁbe,-,.(t) <o,
t=1
@ (&) are i.i.d, sub-exponential variables : for k > 2,
)
veed °q!
Bl < <L
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Generalization of the results for data to time series

. . . Using the time series structure : ter rates
Time series completion

Estimator and risk bound

M) = N arg min Z(Yé’ — Xiede)*-
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Generalization of the results for i.i.d data to time series

. . . Using the time series structure : faster rates
Time series completion

Estimator and risk bound

MK — arg min Z(Ye Xlwz)z
X =A B =
S

With probability at least 1 — 7,

k(d + T)log(n) + log (%)

dT Z (M(k '”)2 =t n

where C = C(ca g, m., ., vg, c) is known.
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Generalization of the results for i.i.d data to time series

. . . Using the time series structure : faster rates
Time series completion

Remarks on the proof

© decompose the difference between empirical risk and
expected risk 2377 (Yo — Xi5,)2 — 2 305 (Miy — Xij)°
in elementary terms.

@ some of these terms are sums of i.i.d variables. Bound
them via Bernstein inequality. Some are sums of ¢-mixing
variables, use :

@ Samson, P.-M. (2000). Concentration of measure inequalities for Markov chains and ®-mixing
processes. The Annals of Probability.

© union bound.
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Generalization of the results for i.i.d data to time series

. . . Using the time series structure : faster rates
Time series completion

Remarks on the proof

© decompose the difference between empirical risk and
expected risk 2377 (Yo — Xi5,)2 — 2 305 (Miy — Xij)°
in elementary terms.

@ some of these terms are sums of i.i.d variables. Bound
them via Bernstein inequality. Some are sums of ¢-mixing
variables, use :

@ Samson, P.-M. (2000). Concentration of measure inequalities for Markov chains and ®-mixing
processes. The Annals of Probability.

© union bound.

REMARK : if the ; . satisfy another notion of mixing or weak-dependence, we can use alternative
versions of Bernstein inequality but this lead to slower rates of convergence, in 1/+/n. J
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Generalization of the results for i.i.d data to time series

. . . Using the time series structure : faster rates
Time series completion

Rank selection

n

a 1
k = argmin ¢ — Z(Yg — X))+ C

n
1<k<K =

k(d + T)log(n)

n

where C' = C'(ca g, m., P., ve, ¢¢) is known but too large.
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Generalization of the results for i.i.d data to time series

. . . Using the time series structure : faster rates
Time series completion

Rank selection

n

a 1
k = argmin ¢ — Z(Yg — X))+ C

n
1<k<K =

k(d + T)log(n)

n

where C' = C'(ca g, m., P., ve, ¢¢) is known but too large.

In practice : we use the slope heuristic to calibrate a better C'.
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Generalization of the results for i.i.d data to time series

. . . Using the time series structure : faster rates
Time series completion

Rank selection

k = arg min
1<k<K

n Z(YE B Xfe,je)2 +C =
(=1

{ | k(d+T) Iog(n)}

where C' = C'(ca g, m:, P., ve, ¢¢) is known but too large.

In practice : we use the slope heuristic to calibrate a better C'.

With probability at least 1 — 7,

k(d + T)log(n) + log (%)

n

LS (i m,) < ¢
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Generalization of the results for i.i.d data to time series

. . . Using the time series structure : faster rates
Time series completion

Time series with a structure

Example : assume that the trends in M are p-periodic. This
means that
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Generalization of the results for i.i.d data to time series

. . . Using the time series structure : faster rates
Time series completion

Time series with a structure

Example : assume that the trends in M are p-periodic. This

means that
M =_C (I,]...|l,).
~ ~ —
dxT dxp —A (pxT)
More generally, we can assume that there is a known structure
in M :
M = C A

~
dxT dxp pxT

and still add the initial “low-rank decomposition” to ensure
correlations in the rows :

M= A B N .
~—~ ~ N~
dxT dxk kxp pxT
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Generalization of the results for i.i.d data to time series

. . . Using the time series structure : faster rates
Time series completion

Faster rates
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Generalization of the results for i.i.d data to time series

. . . Using the time series structure : faster rates
Time series completion

Faster rates

With probability at least 1 — 7,

k(d + p)log(n) + log (%})

dT Z <M(k) ’J>2 s¢ n
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Generalization of the results for i.i.d data to time series

. . . Using the time series structure : faster rates
Time series completion

Faster rates

R — argmin Y (Yo — X;,5)%

With probability at least 1 — 7,

k(d + p)log(n) + log (%)

dT Z <M(k) ’J>2 s¢ n

We also have a similar rank-selection procedure.
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Generalization of the results for i.i.d data to time series
Using the time series structure : faster rates

Time series completion

RIKEN AIP : position in the ABI team

@ RIK=N Approximate Bayesian
AP Inference team (ABI), lead
by Emtiyaz Khan

Open Position : Research Scientist (1 position, Female only)
@ research only (= chargé de recherches),
*] indefinite-term,
@ located in Tokyo center.
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. . . Using the time series structure : faster rates
Time series completion
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