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In this document, we provide the toy example announced in the
paper, where the MLE (and thus the MAP) are not defined. Then,
we show that there is a variational approximation that leads to a
consistent estimator. This also implies that the tempered posterior is
also consistent in this case.

Consistency of variational approximations in a model where the

MAP and the MLE are not defined.

Description of the model. We define the statistical model

1 1
Py = §N(m,02) +5N(0,1)

for = (m,0?) € © = Rx (0, 1). Let gy denote the density of Py with respect
to the Lebesgue measure.

The prior 7 is given by: m ~ A(0,1) and o ~ U(0,1) (uniform distribu-
tion).

Non-existence of the MLE. 1t is easy to check that when X1,..., X, are
Lid from P, ,2) then the likelihood function

n

Ln(ma 02) = H 9(m,o?) (XZ)

=1
e (-SE)
v
(2 27rn£[1 Vo? +€Xp< 2>
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1 exp <_(X12072n) ) X2

> ex — -
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satisfies, for any i,

Ln(Xi,O' ) — > .
020

Thus, the MLE is not defined. For the same reason, the MAP does not exist
either.
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A wvariational approzimation family. We define a family F that will lead
to a consistent estimation. Note that in this case, the variational approxi-
mation is not meant to be helpful for computational purposes. On the other
hand, it is a very natural one. Indeed, the problem with the MLE is that
the likelihood has huge variations around each X;. We will here smooth
these variations, creating a kind of maximum of the local mean value of
the likelihood. Take the set F as the set of uniform distributions pgpc.qa
over [a — c,a + c] x [b—d,b], with (a,b,c,d) € P = {(a,b,c,d) € R* : b €
(0,1),¢> 0,0 < d < b}. So we remind that the estimator is then defined as
Tn,a(dO|XT) = Paped Where

(@,b.6,d) = argmin § ~a [ 3108 g2y (Xpupea(dlm,0%)
(a,b,c,d)ep i=1

+ K(pa,b,c,cb 71—) } .

Note that the family F is inspired by Catoni’s point of view [2] to use a
“perturbed MLE” in PAC-Bayesian bounds. An application of Theorem 2.6
leads to the following result.

PROPOSITION 0.1.  For any « € (0,1),

1.510g (24) +m3 +1.23
1—

%
(

As a corollary, we also have that the tempered posterior m, o(:|X]") sat-
isfies the same inequality.

3

| [ Dt P ()] <

a)

Proof of Proposition 0.1. Theorem 2.6 gives

(0.1) E [/ Da(Pg,Pgo)ﬁma(de?)]

) o
< inf { //C(P(mo’gg), P(m,a))pa,b,c,d(d(mv 02))

(abed)eP | 1 —
\ Klpapeam) }

n(l —a)
We then have:

KBty Ponony) = K (5N (o, 03) + I 0, 1), 5ATm, o) + 470.1))

™mo,0q 2
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< %IC (N (mo,03),N(m,o?)) (Theorem 11 in [5))
1 [(mg —m)? o? 03 —o?
_4[02+log(0_§>+ 2 }

Assume that m € [mg — /002, mg + /d02] and o2 € [03 — §08, 0] for some
0 <6 < 1. Then:

1) 00 60(2) 1) 0(2] 1)

K(Bmo.o2) Pmo?) < 5 [ + 02] = 2(02 —o02)  2(1—0)

This implies that for any 6 € (0,1),

2
/K:(P(mo,og)a P(m,ch))mep& /5087(5(,(2) (d(mv g )) < 2(1 — 5)
On the other hand,

KOy 02, fi0 5020 ™) = KU (1m0 — Va2, mg + Véa?), N(0,1))
—I—IC(U( (500,00) U(0,1))

mo+ \/% e
2\/(500 mo—+/803 2¢/d0j exp <_sz)

1 T 3 1
2 2
<mg + dog + §log (5) + ilog (603) :
Plugging everything into (0.1) gives:
E |:/ Da(P97P90)ﬁn,a(d9|X?):|

as m%+5a§+%log (g) +%log (é)
21 —a)1—0) n(i—a) '

< inf
6>0
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The value § = 1/(2n) gives, using (1 — d) > 1/2 to simplify things,

E [ / Da(Pp, Py )n o (A6 XT)

- o mg + 55 +llog( )+ %IOg@%)
Soni—a) " n(l—a)
23+ 151og (%)
0.5 +mo%—OEH—O 3+ 1.51og 2
~n(l —a) n(l—a)

Proof of Theorem 4.1. Fix B > 0, r > 1 and any pair (U,V) € M, p
and define for § € (0, B) that will be chosen later,

Note that it can be factorized so it belongs to the family F.
We adapt the calculations from [1, 3] to our context. First, note that

1 - UV) i) _ M -UV%
K(Pun, Pyve) = mp ZZ = 20mp

i=1 j=1

and that for any (U, V) in the support of p, we have

|M —-UVp=|M-UV'+0UV'=UV'+UV' —UV'||p
<M = UV p + [|UV = OV + UV = UV*||p
=[|M = OV r+ UV =V)|r+ (T -0V |r
<M = UV p +|[U|[plV = V]r+ U = UllplIV]r

<M =TV p + mpl| OV = VI +mp| V(L0 — UL

< ||M —UVY|p + mp(BY26Y% + (B + 6)Y/25/%)
< ||M = TVY|p + 2mpé*/?(B + 6)1/2
<M = UV |p + 25 2mps'/2B? = |M — UV!||r + B/n

with the choice § = B/[8(nmp)?] which satisfies 0 < § < B. Then, we derive

1
IC =1 _ _
(one ) = o8 G < 6,10 = Ol < 9)
= log !
T7 (10 =Tl < 0.0 = Tl < 017) (@)

1 1

= log = + log
S (U =Ullo < 6l7y) w(dy)

Jr(lV =Vl < dly) n(d

20)
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1 1

BT m (U= Ollee <0R) 7(dy) B T (IV = Voo < 017) n(dy

for any event F. We actually take E = {fyl, ooy € [B%,2B?, Y41, -, YK €
[5,25]} and s € (0, B2) is to be chosen later. Then note that

7 (U = Ol < 3h) = (¥ kUi = Usal < 31)

K
—HH?T \Ui k. — 7J/r€]<5|'y;€) <maX max Uikl <6 'Yr+17---’7K>‘
i=1k=1 N
First,
mAx niax |Uik| <9
pax max Yk Yr+1-- 5 VK
K
=1-7 <malkaax \Uik| > 6 ’yrﬂ,...,w()
i -

Tr+1; - 7’YK>

Zl—ﬂ(z > Uikl >0

=1 k=r+1
K
> 1 2211 Zk:r—H 7 (|Us, )
= 5
>1_ m(K —r) maxXg>r414/Vk
- 0
K2
51— md\/? _ 1

2
with s = % (W) which satisfies 0 < s < B2. Then, for k < r,
’L k+6 $2
7 (|Uike — Uikl < 6| exp (-) dx
{ <000 = 75 s
26 exp (—M>

> 2k
B V2

sew (<5) :
> B as B* <, <2B
2662)\/(;2)%5<1§B

and so
m T

_ 5 mnr
Ui —Uip| <6 > | == —2 .
[T~ (v Gial < (52e) e (-2mn)

)
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Finally
[ a0 -0l <)tz [ 1(552)" e (-2mrmian)
_ % (Bf/%>m exp (—2mr) w(y € E)

and it remains to lower bound

T K
m(y € E) = (Hﬂ(1§7k§2)> ( H ﬂ(s§7k§2s)>

k=1 k=r+1

(i) (e () [ ()]
o () [ty o ()] otz (2]

= b " b b (a+1) (K=r)
= 2\—(a+1)r .—a(K~-r
= <2a T (a)> exp [ r S(K r)] (B?) s

>

b K
> ()
as s < B2. So, finally,

) < sy 2L g (ZTOEY V]

The choice b = s leads to

ex 20 1 a 2\a
K(pmy ) < r(m + p) log <Bﬁ5p(2)> +Klog( ) ) +210g(2)
< r(m+p)log (8ﬁexp(2)(nmp)2) + 4a K log (nmp)

+ K log(e2!%11(a)) + 21og(2)

where we replaced § and s by their respective value. In order to keep the
expressions as simple as possible we can use K <mVp <m+p <r(m+p)
and 2 <m+p < r(m+p) to get

K(pn, ) < 2(1 4 2a)r(m + p) |log(nmp) + log(8y/nT(a)2'%1) + 3
=:C(a)
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We are now in position to apply Theorem 2.6. Then

2| [ Datr i) mata0lx))]

«

K(pmﬂ)
n(l — )

<
B s

[ KPay Pu)pata®) +

(182 0Vt 4]

(0%

e 202mp
2(1 + «)(1 + 2a)r(m + p) [log(nmp) + C(a, B)]
+ n(l —a)

Proof of Corollary 4.2. We start from (4.1). Under the boundedness
assumption on M it is obvious that VM, dy o (M, My) > do o (clipc (M), Mp),
SO

(0.2) E [/ daya(clipC(M),Mg)frma(dM|X{L)]

2(1+ a)(1+2a)r(m + p) [log(nmp) + C(a) + 52|

< 202mp
- n(l —a)

Fix M and for short, put N = clip~(M). We have:

-1 1 = ala —1)(N;; — (My)i ;)2
- log | — irj irj
da,o (N, M) o o8 mp ;:1 ]Ezl exp ( 52

1 1 LN ala—1 NL]'_ M, i7j2
. L 1—mpZZexp<( )iy = () >>

i=1 j=1
By assumption, (N;; — (Mo)ij)?/(20%) < (2C)?/(20?) = 2C? /0. Straight-

forward derivations show that for any x € [0,20?/0?] we have

o?[1 — exp(2C2%a(a — 1) /5?)]
L= ( 202

) x> exp(a(a — 1)z),

this leads to

1 o[l —exp(2C%a(a —1)/0?)] ||N — MOH%7
> .
Qo (N, Mo) = 11—« 202 202

Pluging this into (0.2) gives the result claimed.
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Proof of Theorem 5.1. Let (3)) denote the coefficients of fO: f; =

> re Blok. Theorem 2.6 gives:

[ [ Dutry, Pl xD)

2
1 « 1 K 2
< o Ja )
< 1_a11<%f1;11?§2{2 / /_ 1 (fo k}_lﬁﬂwk> (df, m, )

N Zszl % [log (s%) + 524 mi — 1] + Klog(Q)}

n

2
1 . . o 1 = 0 S 2
1 —a11<nzf1xill}s,f2{2//_1 (;ﬁk - ;&%) (df,m, )

N Zszl 3 [log (8%) +s2+mi—1] + Klog(Z)}

1l —a K>lms?

1 o K aKs? o &
= inf inf{Z(mkﬁg)QJr + 5 Z (B1)?

_l’_

2
Zszl % log () + s?+mi—1] + Klog(Q)}
n

The choice (my,...,mg) = (B1,...,PK) gives:

_ n 1 . aKs? o & 02
E [/DO&(PﬁPfo)Wn,a(de’Xl )] < 1_0411{%%{ 9 +2k;1(5k)

+
n

From Chapter 1 in [4] we know that fo € W(r,C?) implies "7 .1 (B7)?
A(r,C)K~2" for some A(k,C). Moreover, S 0 (89)? < S22 k27(89)?
C?. So finally:

al(r,C)

1
~ n < : —2r
E U Do (Py, Ppy) .o (d0| X7 )] <7 Il{r;fl{ 5K

2 log(s%)

+2+ n

Zszl % [log (S%) + 5%+ (52)2 - 1] + K log(2) }

k2 K[log(Z)—i—SQ-i- > }—FCQ}

INIA
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The choice s? = 1/n leads to

1 A
E[ / Da<Pf,Pf0>ﬁn,a<derX?>] S e

—a K>1 2

K [log(2) + § + o5 + 51| 4 7

n

_l’_

The choice K = [(n/log(n))"/@+1)] leads to the result.

References.

[1] P. Alquier and B. Guedj. An oracle inequality for quasi-Bayesian non-negative matrix
factorization. Mathematical Methods of Statistics, 26(1):55-67, 2017.

[2] O. Catoni. Statistical Learning Theory and Stochastic Optimization. Saint-Flour Sum-
mer School on Probability Theory 2001 (Jean Picard ed.), Lecture Notes in Mathe-
matics. Springer, 2004.

[3] V. Cottet and P. Alquier. 1-Bit matrix completion: PAC-Bayesian analysis of a vari-
ational approximation. Machine Learning, 107(3), 579-603, 2018.

[4] A. B. Tsybakov. Introduction to nonparametric estimation. Springer Series in Statis-
tics, 2009.

[5] T. Van Erven and P. Harremos. Rényi divergence and Kullback-Leibler divergence.
IEEE Transactions on Information Theory, 60(7):3797-3820, 2014.

PIERRE ALQUIER JAMES RIDGWAY

RIKEN AIP CAPITAL FUND MANAGEMENT
NIHONBASHI 1-CHOME MITSUI BUILDING, 15TH FLOOR, 23 RUE DE L'UNIVERSITE
1-4-1 N1HONBASHI, CHUO-KU, TOKYO, 75007 PARIS

103-0027, JAPAN FRANCE

E-MAIL: pierre.alquier.stat@gmail.com E-MAIL: james.lp.ridgway@gmail.com


mailto:pierre.alquier.stat@gmail.com
mailto:james.lp.ridgway@gmail.com

	Consistency of variational approximations in a model where the MAP and the MLE are not defined
	Proof of Theorem 4.1
	Proof of Corollary 4.2
	Proof of Theorem 5.1
	References
	Author's addresses

