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Problem: From ML to Statistics

Machine Learning Setting:

= Population risk: R(0) := E(x y)~
Data S = (X1, Y1),..., (X, Y,)
Empirical risk: R, (6) = %Z LAY,
Randomized estimator 6 from p =
= Generalization gap: gen(d, S) =

f[ﬁ(Y fo(X))]
|

i.d. from P
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R, (6)
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R(0) -

(U, V) ~ Q with marginals Qy and Qy:
Z(U,V) = KLQ[|Qu ® Qv).

Measures the statistical dependence between U and V.

\

rMutual Information Definition: For random variables\

Classic MIB (Catoni 2007; Russo & Zou 2019):
For bounded losses 0 < 7 < 1:

7(0,8)

ESEégen(QA, 8) ‘ <

Wait... MIB? You mean Men In Black?

No, but this bound also protects us from statistical aliens!
MIB = Mutual Information Bound

| Statistical Challenge:
BOUNDED!

) =1lo Pon(Xs) —00, +00
00, X;) =1 ng(Xz') € (—00, +0).

| Classic MIB breaks down for statistical inference!

Log-likelihood ratios are UN- |

The MIB PAC-Bayes Bridge

Fundamental Connection:

7(6,S) = inf EsKL(p||7)

Corollary - PAC Bayes bound (in expectation)

EsKL(p||)
on '

EsE;R(0) < EsEy_ R.(0) + \/

7(9,S) < EsKL(p||r)

Catoni: optimize =

The connection between mutual information bounds and
PAC-Bayesian theory provides a framework for developing
new bounds for Statistical Inference.
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Statistical Divergences

Key Innovation: Replace KL with a-Rényi divergence

, a-Rényi divergence for a € (0,1):

Do(QIR) = o [ (Q(da))"(R(da))~

.

Hellinger distance:

wam = [ (Vo - Vi)’

Statistical Inference Framework

Setting: We observe asample § = (X, ..., X,,) of nvariables
..i.d from P = Py, in a model (Fy, 0 € ©) for some unknown
0y € O.

Objective: Estimate 6, from S.

Assuming that the Py’s have densities py, a classical estimation
methods is the maximum likelihood estimator (MLE):

QMLE = argmax H pg
fcO il

, Key Notation: "Log-likelihood ratio”

LR, (6,0) Zl pe@

Our Main Result

Theorem (MIB for Statistical Inference)

Fix a € (0, 1) then:

ESE, (Da(PgHPeo) _

Special case (o = 1/2):

2Z(0,S)

n

EsE; (HQ(Pé, Py) — LR, (6, é)) <

[ Key features:

= Fast rate: O(1/n) instead of O(1/4/n)
= Trade-off: Weaker metric (H2 < KL)

\ J

PAC-Baves for Statistics
Corollary (PAC-Bayes bound for statistics)

Optimal Rates of Convergence

Assumptions:

1. Rényi-KL relation: Jc, > 0 : KL(Py, || By) < caDo(Fol| Py,)-
2. Catoni’s dimension: d := supg-q 8 Egr,[KL(Fy, || Fp)] < +oo.

-

Convergence Rate for Tempered Posteriors:

2, \d
EsE; . KL(P|P) < (1 2 ) —

—

Achievement: We obtain the optimal O(d/n) rate, elim-

inating the suboptimal log(n) factor present in traditional
O(dlog(n)/n) bounds!

The 1og(n) factor was never here...

ey
JUST TAKE A LOOK AT THIS.

) Variational Approximation

Challenge: Tempered posteriors are often intractable
Tn.a

Solution: Variational approximation in family O:

KL
Tn.o = argmin {oz]Eequll?gn(Q07 0) + (QHW)}
| qeQ n

, Assumption for Variational Rates

L(PHWnBDa)
n

SUp mf B {EQN/) (KL(Py, || Py)] +

}::d’<—|-oo
B>0 PEQ

Variational Rate Guarantee:

1l — « n

For o € (0,1) and prior :

Bs [, [0 LR (00, 0)] + SHA2)]

1l —«

EsE,Do(P;||Py,) <

Tempered posterior (minimizes bound):

Tn.o(df) o (Hpg ) m(d6).
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Summary of Contributions

v New MIB for Statistical inference via Rényi divergences
v Optimal rates: O(d/n) without log(n)

v Unified theory: MIB « PAC-Bayes

v Practical: Variational inference with guarantees
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