Biometrika, pp. 1-23
Printed in Great Britain

Supplementary material for “Supplementary Material for
“Universal Robust Regression via Maximum Mean
Discrepancy’”’

BY P. ALQUIER
ESSEC Business School, Asia-Pacific campus, Singapore
alquier @essec.edu

M. GERBER

School of Mathematics, University of Bristol, UK
mathieu.gerber @bristol.ac.uk

1. COMPUTATION OF THE ESTIMATORS

1.1.  Gradient of the loss

PROPOSITION S1. Assume that each Py has a density py with respect to a measure L such
that X\ — py, is differentiable, and that 6 — g(0, x) is differentiable for any x € X.

1. Assume that there is a function b: Y% — R such that

/ / b(y,y ) u(dy)p(dy’) < oo
vy

and such that, for all (0, z, 2", y,y),

‘]{((.ﬁ, y)> (I’l, y/))vepg(e,x) (y)pg(ﬁ’,x’) (y/)’ < [;(yv y/)‘
Then, for all (0, x,2',y) we have
veg(ea z, :E/a y)

= 2EY"’P9(0,w)7 Y/~ (0,27 |:<k(($7 Y), (.73‘/, Y/)) - k(($, Y)7 (Jfl, y))>v9 logpg(H,x) (Y) :

2. Assume that there exists a function b: V2 — R such that

/ / b(y,y )u(dy)p(dy’) < oo
yJYy
and such that, for all (0, x,y,y),

(Y, 5 )VolPy(o.0) W)Pg(er ) )| < by, 9/).
Then, for all (0, x,y) we have

7 _ /
Vol(0.2.5) = 2B, wp, [ (ky(VY) = ky(Y.9)) Vologpyan (Y)].

Remark S1. We need more assumption to ensure stability and convergence of the stochastic
gradient algorithm. See for example Proposition 5.2 in Chérief-Abdellatif and Alquier (2022)
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2 P. ALQUIER AND M. GERBER

(and the references therein), where the authors require the existence of the variance of
L0, 2,2".0,U0"y) i=2(k((2, ), (&', Y")) = k((2,Y), (2',9)) ) Vo l0g g(a.0) (V)

when U ~ Py .y and U’ ~ Py (,2)- However, under Assumption ??, it boils down to the cor-
responding assumption on Vg log p,g,,)(U). For example, if there is v > 0 such that for any

(%,0), Eunrp, ., Vo108 pg(9.0)(U)[?] < v, then
Var([A/(Hjm,x'.U, U y)) <16v, Y(0,z,2',y).
Proof. We start by the proof of point 2. By definition,
00, Xi,Yi) = Byp, ) YinPyox Ry (YY) = 2k (Y, V)]

= / / [Ey(y, ') — 2ky(y, Y5) | pg(o,x,) )Py (0, x0) ) pe(dy) pu(dy’)

- / / by (05 )Pato.) (9)Po0.x0 (4 () dy') — 2 / (5, Yi)pgto.xo (9)(dy),

so that

Vol(0. X:.Y5) = Vo [ [ kvl 0.5y a0 ) 0 sl
=0 [ k(. Ypyo.x) 0)u(d)
= / / ky(y,9") Vo [Pg(o.x,)(¥)Pg(0,x,)(¥")] 1(dy)p(dy’)
~2 [ k(0. Y% [y, ()] ) (s1)

where the inversion of | and V is jusfified thanks to the existence of the function b. Remark that

Vo [pg0.x) )] = Va [logpgo,x,) )] Pgo.x:)
and that

Vo [poo,x) W)Pgi0,x) ()]
=Vy [logpg(e,xi)(yﬂ pg(@,Xi)(y)pg(G,Xi)(y/) + Vo [logpg(a,xi)(y/)] Pg(e,Xi)(y)Pg(e,Xi)(y/)-
Plugging this into (S1) gives:

Vol(0,X,,Y;) = // ky(y,y") Ve [108 by, x:) (U)] Poto,x5) W)Pg(0,x0) (') pu(dy) p(dy’)
+ / ky(y,y") Ve [10g g, x:)(4')] Pyio,x:) W)Pg(0,x,) (Y )re(dy) pu(dy’)
- Q/ky(y,Yz‘)Ve [log pg(o,x,) ()] Pg(o,x,)1(dy)

=2 / / ky(y,y') Ve [1og pyo,x:)(W)] Poco,x:) W)Pg(0,x,) (W) 1(dy) pn(dy’)

- QZ / ky(y,Yi) Vg [log pyo,x:) ()] Pgo,x:)1(dy)
i—1
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by symmetry, and thus,

V@f(Q Xi,Yi) = ZEYN Pyo,x4):Y " ~Pg(0,x;) { [k‘y(Y, V') — ky(Y, Yi)}v9 [Ingg(9,Xi)(Y)] }

The proof of point 1, from the expression in (??), is exactly similar. d

1.2. A closer look at the computation of 0.,

Let k = ky ® ky with k., as in Section ?? and let L(6, =, 2’, y) be a random variable such that
E[L(0,z,2',y)] = Vel(0,x,2',y), with £(6, z,2’,y) as defined in Section ??. Then, given n
observations dy, := {(z;,y;)}; in Z, the random variable

n (7,6, dn) —22 Z ko (i, 25) L0, i, 25, y5)

i=1 j=i+1
is such that E[H,, (7, 0, dn)] = Vohn(v,0,dy), with hy, (v, 6,d,) as defined in (2?).
Next, for an integer M7 € {1,...,(n—1)n/2 — 1} we let
Sy, CS:={(,j):1<i<j<n}
be such that the set {k(zi,%;)}(i jyes,, contains the M) largest elements of the set
{ky(zi,25)} i jyes, and for an integer My € N such that My + My < (n—1)n/2 we let

{(L;, Ji)}ij\f1 be a simple random sample obtained without replacement from the set S \ Sy, .
Then, the random variable

Hr(LMhMZ)(’%eadn) =2 Z k’y(xlax])[’(97xla$jay])

(Z7J)ESM1
Mo
—1)n—2M
+ (n ?\ZJ—Q - Z k’)’(mlrrm xJ'rn)L(e’ xlm ? me ? me)

m=1

is such that E[HM ™) (. 0. d,))] = hn (7,0, dy), and thus

N n
i=1 ij=1

This approach for computing an unbiased estimate of Vy ZZ =1 0, X, X;,Y;) involves
the construction of the sets S and Syy,, which requires O(n?) operatlons However, once

these two sets are obtained, obtaining a realization of G, (0,d,) = S N | L(6,z, yi) +

HT(LM“MQ)(% 6,dy,) for a given 6 can be done in only O(n + M; + M log(Ms)) operations
using e.g. the simple random sampling without replacement method proposed by Gupta and
Bhattacharjee (1984).

For this procedure to work well in practice the parameters M7 and M> must be such that
the variance of G, (0,d,) is small. When a small value for 7 is chosen it is often true that
ky(x;,2;) ~ 0 for most pairs (7,) € S. When this happens, taking M; = O(n) and M> such
that M log(Ms) = O(n) allows to efficiently compute 6, using a stochastic gradient algorithm
whose cost per iteration is linear in the sample size n. However, the memory requirement the
approach we just described is O(n?), which limits is applicability to moderate values of n (to n
equals to a few thousands, say).
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4 P. ALQUIER AND M. GERBER

2. PROOF OF LEMMA ??
2.1.  Preliminaries
We first recall the following result (see Da Prato and Zabczyk, 2014, Proposition 1.6):

LEMMA S1. Let A and B be two Hilbert spaces, T : A — B be a bounded linear operator
and Z be a random variable taking values in A and such that E[||Z||a] < co. Then B[T(Z)] =
T(E[Z]).

We recall that, under Assumption ??-2?, for any probability distribution P € P(Z) the mean
embedding u(P) = Ez.p[k(Z,-)] of P is well defined in , and that ;1( P) has the key property
to be such that

< fou(P) >n=< [, Bz plk(Z,)] >n=Bzep[ < [,k(Z,") >n | =Ez~p[f(Z)], VfeH

where the second equality holds by Lemma S2, noting that for all f € A the mapping g —<
f, g > is abounded linear operator on H while, under Assumption 2?2, Ez._p[||k(Z,-)||x] < 1.
Recall also that the boundedness of kx and ky (Assumption ??) implies that Cp and Cp,
exist, are unique, and that they are bounded, linear operators (see Fukumizu et al., 2004, Section
3).
We then have the following result (also proved in the proof of Corollary 3 in Fukumizu et al.,
2004 as well as in Klebanov et al., 2020, Theorem 4.1).

LEMMA S2. Assume that Assumption ??-?? and condition (??) hold. Then, range(C}) C
range(Cpy, ).

Proof. Letg € Hy and f € H . Then,

<Cpg, [ >nr =< 9.Cpf >,
=Exy)or[9(YV)f(X)]
=Ex~py [E[g(Y)|X]f(X)]
=<Ey~ry [9(Y)],Cry [ >ny
=< CpyEynpry [9(Y)], [ >na

where the fourth equality holds under ?? and the last one uses the fact that Cp,; is self-adjoint.
Since g € Hy and f € H y are arbitrary, it follows that

C}Sg = CPX]EYNPY\. [g(Y)], Vg € Hy

and the proof of the lemma is complete.

2.2.  Proof of the lemma
Proof. Let I : Hyy — Hy be the identity operator on Hy and Py
the orthogonal projection on Ker(Cpy ). Recall that Py

Cpy) : Hy — Hyy be

Cry) is a linear operator such that

| Pker(cp,)llo = 1. Therefore, the linear operator CITDX Cry =T — Pxer(cp, ) is bounded. In ad-
dition, by Lemma S2, range(C}) C range(Cp, ) and therefore CITDX Cp : Hy — Hx is abounded
linear operator (Arias and Gonzalez, 2009, Theorem 2.3). Hence, recalling that if A : Hy — Ho
is a bounded linear operator between two Hilbert spaces then || A*||3, = || 4|, it follows that
(C};X Cp)* : Hax — My is a bounded linear operator.
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To proceed further let g € Hy and f € Hx. Then,
< [,CpyEyapy [9(Y)] >y = Exapy [f(X)E[g(Y)]X]]
=E(xy)ory [9Y)(X)]
=< g,Cpf >,
=<Cpg, f >nx

(83)

while, on the other hand, recalling that [’ = Cp, C]TDX [ for all f' € range(Cp, ), and recalling
that range(Cp) C range(Cp, ) by Lemma S2,
< [.CPCh Chg >, =< [.Cpg >y - (S4)
Hence, by (S3)-(S4), it follows that
< [,Cpy (By~py, [9(Y)] — C;XC}Q) >94,=0
and thus
Exepy [£(X) (By~py, [90)] = €, Ch) (X)]
=< £.Cpy (Bynry, [90Y)] = Ch, Chg) >
=0.
Consequently, since f € H y is arbitrary, it follows that, under the assumptions of the lemma,
Ey~p,, [9(Y)] = Ch Chg (S5)
Remark now that for z € X and y € ) we have
Chy Coky(y, ) (@) =< Ch, Cpky(y, ). kx(,) >2z
=< ky(y, ), (ChyCP) ke (X,) >y (S6)
= (Ch,Ch) k(e )(v)

where the first equality uses the reproducing property of ky and the third equality the reproducing
property of ky.
Lety € Y and x € X. Then, using (S5) with g = ky(y, -) and (S6), we have

N(PYM)(y) = ]EYNPY\I [ky(ya Y)]
= C}, Chky(y, )(x)
= (Ch Cp) kx(x,)(y)

and the proof is complete. O

3. PROOF OF THEOREM ?2?

3.1. A preliminary result for proving Theorem ??

LEMMA S3. Assume that |kx| < 1 and let u(dy) be a o-finite measure on (), Sy) and f :
X x Y — R be such that

l. f(-,y) € Hx forally €,
2. The function Y > y — f(-,y) is Borel measurable,
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6 P. ALQUIER AND M. GERBER

3. The set {f( y) : y € YV} is separable,
4y Gl m(dy) < oo.

Then, [, f(- y)u(dy) € Ha.

Proof. Since theset { f(-,y) : y € YV} is separable and the mapping y — f (-, y) is Borel mea-
surable the function y — f(-,y) is strongly measurable. Therefore, there exist (Cohn, 2013,
Proposition E.2) a sequence ({Em}?zl)n>1 and a sequence ({ f}-,n}?:l)n>1 such that

1. B, €6yand f;, € Hy foralln > > 1,
2 Tty 10 | s 1, () fin — £ (0, )ty = Oforall y € V.
312205 Le,, (W) finllaa S N1F(y, )|y foralln > Landally € Y.

Forevery n > 11let f,, : X x Y — R be defined by
Z]]'Ezn fl'n ) (x7y)€XXy

Under the assumptions of the lemma we have [y, || (-, y) |3 ££(dy) < oo, and thus,

/ 1l ) lr(dy) < / 1 )llren(dy) < oo, ¥n>1,
y y

showing that, for all n > 1, the simple function y — f,(-,y) is Bochner integrable. Conse-
quently, for all n > 1 the function

fnzz/yfn(-, l(dy) = Z/ ) i

is well-defined. Notice that fn € Hy foralln > 1.
To proceed further remark that

|fn($7y)| < ||fn(7y)H'HX < Hf(ay)HHXa V(x,y) eXx)Y

where the first inequality holds since |kx| < 1 by assumption while the second inequality hods
by the third aforementioned properties of ({Ejn}i), o, and ({fin}i=1), <

By assumption, fy Il £(-,9) |7, dy < oo and thus, by the dominated converge theorem, and
using the fact that the convergence in || - ||, norm implies the point-wise convergence,

hrn fn / f(s,y)dy, VseX. (87)

Therefore, recalling that fn € Hy for all n > 1, to complete the proof it remains to show that
the sequence ( fy,)n>1 is Cauchy w.r.t. the || - |7, norm.
To this aim remark that, since

[£alom) = £, <2000, YR>1

while, by assumption, fy Il f (-, 9) |2 dy < oo, the dominated convergence theorem implies that

Jgrolo/yan(-,y)—f(-,y)HHXdy—O- (S8)

135
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On the other hand, for every n > m > 1 we have

Vo= Fully, = | /y {aCow) = o)}l
< /y 1 £uls) = Fns9) [, () (59)
n (e — . d m (e _ . d
S/ny( y) = FCm)| y)+/ny (o) = £y, ()

where the first inequality holds by Cohn (2013, Proposition E.5), since a shown above the func-
tion y — fn(-,y) is Bochner integrable. Together, (S8) and (S9) show that the sequence ( fy,)n>1
is indeed Cauchy w.r.t. the || - |7, norm, and the proof of the lemma is complete. O

3.2. Proof of Theorem ??

Proof. Let g € Hy sothat g =Y .2, a;ky(y;, ) for a sequence (y;);>1 in Y and a sequence
(a;)i>1 in R. For all n>1 let g, =Y ;" | aiky(y;,-) and f, : X x Y — R be defined by
fu(z,y) = gn(y)p(ylx), (z,y) € X x Y. We first show that, for all n > 1, the function f,, veri-
fies the assumptions of Lemma S3.

By Conditions ?? and ?? of the theorem, it readily follows that f,, verifies Conditions 1 and
3 of Lemma S3, for all n > 1. To show that this is also the case for Condition 2 of Lemma
S3 let B(’HX) be the Borel o-algebra on Hy. Let n > 1 and assume first that 7y contains
the non-zero constant functions so that the function y — ¢,,(y) is B(*H x)-measurable. Then,
since by assumption the function y — p(y|-) is B(H x)-measurable and since the product of two
Borel measurable functions is a Borel measurable function, it follows that the function ) > y —
fn(+,y) is B(H x)-measurable, as required. Assume now that H y does not contain the non-zero
constant functions. Let Hy be the RKHS on X having ky + 1 as reproducing kernel so that, as
shown above, the function Y > y — f,,(-,y) is B (’;flx)—measurable. Consequently,

{yeV: fully) € A} € &y, VA€ B(Hx). (S10)

Recalling that Hy = {f+¢ feHx, ceR} and that [fllg, = [fll#y for all feHy

(Paulsen and Raghupathi, 2016, Theorem 5.1), it follows that B(H.x) C B(H.x) which, together
with (S10), implies that

{y ey: fn(|y) S A} € 6y, VA € B(Hx>.

This shows that the function ) > y — f,,(+, y) is B(H x)-measurable, and thus, forall n > 1, f,
satisfies Condition 2 of Lemma S3.
Lastly, using the fact that |ky| < 1 and Condition ?? of the theorem, for all n > 1 we have

[ 1aClbesistan) < (suplan(@)) [ Iotol) tan)
Yy yey Y

< lgnllny /y 1001 2 ()

< 00

and thus, for all n > 1, f,, verifies Condition 4 of Lemma S3, which concludes to show that, for
alln > 1, f, verifies all the assumptions of Lemma S3.

Therefore, by Lemma S3, the function f,, := [, fa(-, y)u(dy) exists and belongs to H ., for
all n > 1. In addition, for all m > n > 1 we have (see Cohn, 2013, Proposition E.5, for the first
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8 P. ALQUIER AND M. GERBER

inequality)

= Gl = | [ o= s pptb e,
< /y 19n(8) = 9 (@) [P(1) 31(dy)

< 1D 15 (4) ~ g /y (1) |5, ()

where, since |ky| < 1 by assumption,

lim sup sup sup |9, (y) — gm(y)| < limsup sup ||gn — gm |3y, = 0. (S11)
n—oo m>n

n—oo m>nycy

Consequently, the sequence (f,,),>1 is Cauchy w.r.t. the || - |3, norm and therefore converges
point-wise to a function f € H y. Thus, to complete the proof it remains to show that

nh_}rrolo fulx) = Eyopyx_,[9(Y)], VzeX.

Since for every n > 1 and x € X we have

|fa(@) = Eyapy y_, g /\gn = 9 p(ylz)p(dy) < sup|gn(y) — g(y)l,
yey

it follows, by (S11), that lim,, o0 SUP,c x| fr () — Ey~py x_,[9(Y)]] = 0, and the proof of the
theorem is complete. O

4. PROOF OF COROLLARY ??
Corollary ?? is a direct consequence of Lemma ??, Theorem ?? and of the following lemma:

LEMMA S4. Assume that Assumptions ??-?? hold and that there exists a o-finite measure
p(dy) on (¥, &y) such that Py, = p(y|z)u(dy) for all x € X, where p(-|-) satisfies Assump-
tions ??-?? of Theorem ??. Moreover, assume that there exists a bounded conditional mean

embedding operator Cyx for (Py|;)sex- Then, ||Cyxllo < [y, Ip(y]) |34 1(dy)-
Proof. Let g € Hy and remark that

(Cy1x9)(@) =< Cy|x9, kx (@, ") >3, =< 9,Cy|xkx(@,") >3,=Eypy y_ [9(Y)], VzeX

where the first equality uses the reproducing property of kx and the third (S19).
Consequently,

¢l = | / sy,

/ 9Pl 2 dy

< suplg(y)| / 1]l dy
yey Yy

< gl /y 1) I dy
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where, under the assumptions of the lemma, the first inequality holds by Cohn (2013, Proposition
E.5) and where the last inequality uses the fact that |ky| < 1.
Therefore,

ICyixcllo = G x o < /y (1) ey

and the proof of the lemma is complete. O

5. A USEFUL COROLLARY OF THEOREM ?? 195
In order to state the next result we let A4(dx) denote the Lebesgue measure on R?, A, = {ZL €
Nd: % G <s)foralls € Nyand |a| = Y%, a; forall a € RY.

COROLLARY S1. Assume that X C R® is bounded with Lipschitz boundary and, for some
constants m € N and v > 0, let kx be the restriction of the Matérn kernel K m .y on X X X. Let
s=(d+m)/2if (d+m)isevenand s = (d+m+1)/2 if (d + m) is odd, and assume that =0
there exists a o-finite measure j1(dy) on (Y, &y) such that Py, = p(y|z)u(dy) forall x € X,
where p(-|-) satisfies the following conditions:

e forally € ), the function p(y|) is s times continuously differentiable on X, with

d
@Zi:l @i
max  sup

()| < o0
a€As (2,4)EXXY 81“111 . aCL‘Zd

and with

ik “Auld E d Va € A
max/y /X{Wﬂylﬂ} a(dz) | p(dy) < oo, Va4,

a€As

d

%p(y\x) is continuous on Y, forall x € X and a € As.
1 - d

e the function y —

Assume also that the set ) is separable and that Assumptions ??-2?? hold. Then, conditions ??-??
of Theorem ?? hold and thus (??) is satisfied. 205

Proof. Remark first that to prove the result it is enough to consider the case where (m + d) is
even. Indeed, if (m + d) is odd then in what follows we can replace

o theset Y by X = X x R,

e for all y € ), the function p(y|-) : & — R by the function p(y|-) : X — R defined by
p(yl(z,v")) = p(ylx) forall (z,u) € X,

e dbyd=d+ 1.

Recall that, since (m + d) is even, the RKHS 7 x is norm-equivalent to the Sobolev space
W3 (X) (see e.g. Kanagawa et al., 2018, Example 2.6). In addition, recall that the norm || -
[lws () is defined by

lwsy = 3 ( /

aEAs

2

82?:1 @i
ouit ... duy’ f(@)

Ad(da:)) Lo fews(x)
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and let

82?:1 @

Dap(y|x) = Wp(y’x)v V(a,x,y) € As X X X y
1 - d

To proof the corollary remark first that, under its assumptions, for all ¥y € JJ we have
[p([¥)llw;(xy < co. Thus, for all y € ), the function p(y|-) belongs to the Sobolev space

W3 (X), and thus to the RKHS H x. This shows that p(-|-) verifies Condition ?? of Theorem
29

In addition, under the assumptions of the corollary we have

Mirre — )2 z ? 00
/y o) s o(dy) = 3 /y { [ Pantylaata >} u(dy) < s12)

a€Ag

and thus, since the norm || - [|3, is equivalent to the norm || - [|yys (), it follows that

/ 1001 3 1(dy) < o0
%

showing that p(-|-) verifies Condition ?? of Theorem 2?.

To proceed further recall that the image of a separable space by a continuous function is
separable. Hence, since ) is assumed to be separable, to show that Condition ?? of Theorem ??
holds it suffices to show that, for every v’ € ), the function

Yoy ky(y,y)pyl) € Ha (S13)

is continuous. To this aim, let ' € J and (y});>1 be a sequence in ) such that lim; . y; =
y'. Then, since ky is continuous by assumption, to show that the function defined in (S13) is
continuous it is enough to show that

limsup [[p(y;]-) = p(¥/'[-)l2 = 0. (S14)
1—00
The norm || - [|3,, being norm-equivalent to the norm || - [|yy;s (), there exists a constant C' < oo

such that || fll3, < C||f|lwsx) forall f € Hx and thus, forall i > 1, we have
lp(wil) = (&' ) 70, < C2lp(il) = P& 1) g )

<2y /X |Dap(y]2) — Dap(y' )| Ag(de).

aEAs

(S15)

By assumption, for all z € X and all a € A, the function y — D,p(y|z) is continuous on )
while, for all (a,z) € As x X we have

sup| Dap(yi|2) = Dap(y/ o) <2 sup [D*plyla)| < oo.
i>1 (z,y)eXxy
Consequently, since X is bounded, (S14) follows from (S15) and the dominated convergence
theorem, and thus p(-|-) satisfies Condition ?? of Theorem 2?.
Finally, since as shown above the mapping ) > y — p(y|-) is continuous, it follows that this
mapping is Borel measurable and thus p(+|-) satisfies Condition ?? of Theorem ??. Hence, all
the conditions of Theorem ?? and the proof is complete. O

235
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6. PROOF OF PROPOSITION ??
6.1. Preliminary result

LEMMA S5. Assume that X C R¢ for some integer d and that X is path-wise connected and

such that Ag(X) > 0. Assume also that ky is continuous on X 2. Then, there exists a distribution
Px € P(X) such that

{feHx: Exop, [f(X)R(X)] =0, Vh € X} = {0}. (S16)

Proof. Remark first that since ky is continuous on X2 any function f € Hx is continuous
on X (Paulsen and Raghupathi, 2016, Theorem 2.17). Let Px denote the Ny(0, 1) distribution,
truncated on X if X # R?. Assume that there exists a non-zero function f € Hx such that

Ex~py [f(X)M(X)] =0, Vhe Hy.

Then, Ex~p, [f(X)?] = 0 and, since Px admits a strictly positive density px on X w.r.t. Ag,
we have f(z) = 0 for Az-almost every z € X'. However, as f is assumed to be continuous, and
X is path-wise connected, the function f is zero everywhere. O

6.2.  Proof of the proposition

Proof:

The fact that k is characteristic follows from Szabé and Sriperumbudur (2018) and the prop-
erties of the Matérn kernel.

Next, remark that, by Lemma S5, under the assumption of the proposition there exists a distri-
bution Px € P(X) such that the only function f € Hx for which we have Ex p, [f(X)?] =0
is the zero function. In addition, since X is bounded with Lipschitz boundary we can use Corol-
lary S1 to check that there exists a bounded linear conditional mean operator for (Py‘m) rEX-

To this aim, for all z € X' we let p(y|z) be the density of Py ,(dy) w.rt. p(dy). The o-
finite measure 1(dy) on ) will be specified below for each example but, for all the considered
examples, for all y € © x ) the mapping = — p(y|-) is infinitely many times differentiable.
Consequently, letting s and A, be as defined in Corollary S1, we can define

Dp(ylz) = —maP(ulr), V(a,z,y) € © x A x X x Y.

oxi" ... 0xy
Then, by Corollary S1, a bounded linear conditional mean operator for (Py|;)zcx exists if

1. the mapping y — D%p(y|x) is continuous for all (a,z) € As x X,
2. the following two conditions hold:

max sup |D%(y|x)| < oo (S17)
a€4s (z,y)eXx Y

1

2
max [ | [ 10012 0ata0)] ) < o (s18)
a€As Jy [Jx

For all the examples considered in the proposition it is trivial to see that the mapping y >
D4p(y|x) is continuous for all (a,z) € As x X. Under the assumptions made on X', Conditions

20 (S17) and (S18) are easily checked from the definition of p(y|x) given below for each examples
Example 1: For this example J) = R and we let x(dy) be the Lebesgue measure on R so that

(y — Bhx)?

1
p(y|lx) = w 7exp{—
o) = 3w o

m=

M
}, V(z,y) € X x ).
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Example 2: For this example, ) = Ny and we let 1.(dy) be the counting measure on Ny so that

X T — eX T
plyla) = & p{ypB :cy!e p(BTx)}

Example 3: For this example, ) = {0, 1} and we let ;4(dy) be the counting measure on {0, 1}
so that

, V(z,y) € X x ).

plyle) = (1 +exp1(—ﬁT:c)>y (1 +exrl>(BTx)>l_y’ viwy) € X x Y.

Example 4: For this example, ) = (0, c0) and we let 1(dy) be the Lebesgue measure on R so
that

plylz) = F(ly)y”l exp(—vB'z)exp{ —vyexp(—B'z)}, V(z,y) € X x V.

Example 5: For this example, J) = R x {0, 1} and we let
p(dy) = (A1(dy1) + dg0y(dy)) ® S0y (dy2)
so that
Py(dy) = pa(y)u(dy)

where, denoting by ¢(-; 11, %) the probability density function of the Aj (i, ) distribution w.r.t.
Ay, forall (z,y) € X x Y we have

p(yle) = oy 82,07 ({7 @ + (p/0)8T 2} /V/1 = 92 ) Tz 0y (91) (1 = L0 (92))
+ q’("YTf'?)]l{o} (y1) 10y (y2)-

7. PROOF OF LEMMA ??
Proof. Let Cy|x : Hx — Hy be a bounded linear operator such that

w(Pyy) = Cyxkx(z,-), Vredi. (S19)
and let C Pyix Hxy ® Hxy — H be the (unique) linear operator on Hy ® H y such that
Cryx(f1® f2) = 1@ Cyixfa, f1 € Ha, f2 € Ha.
Forall fi € Hx and fo € H, x we have
ICPy x (f1 ® f2)ll = lf1 ® Cyx folln
= [ f1llua ICy x follaey

< 1l 2l ICy x[lo
= /1@ fallullCyixllo

showing that
ICry 1 llo < ICyixllo < 0. (S20)

where the last inequality holds by assumption.
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Next, remark that for every f € H x the linear operator (f ® -) : Hy — H is such that
1f @ -llo < fll#a < oo (821
since

If @ gllw = [Ifllalgllry, VS € Ha, Vg € Hy.

Let i(Px) = Ex~py [kx(X, ) ® kx(X,-)] be the embedding of Py € P(X)in Hx @ Hx
Then, for Py € P(X) and using the shorthand P’ = P} Py|., we have

w(P') : = Eixyyop [kx (X, ) @ ky(Y, )]

= EXNP)’( [EYNPY\X [kX(X’ ) ® k‘y(Y, )H

=Ex.p [kX(X, ) @ Eypy i [ky(Y, )H

= Exeopy [ (X, ) ® p(Pyx)]

= Exipy [k (X,") © Cyixha(X. )]

= EX’NP)’( |:C~PY‘X (kX(X/7 ) ® kX(le ))]

= Cry x Expy [kx (X, ) ® ka (X, )]

= Cpy x i1(PY)
where the interchange between expectation and tensor product between the second and the third
equality is justified by Lemma S1 and by (S21), where the interchanges between expectation and
tensor product between the fifth and the sixth equality is justified by Lemma S1 and by (S20),

while the fifth equality holds by (S19).
Similarly, for P{ € P(X) and with P” = PS(PYM we have

w(P") : = Exyyopr [kx(X,-) @ ky(Y, NCry (P )
|
and thus,
D (P', P") = ||u(P') — u(P")|| %
= |[én x (a(P%) - PR )
B o o H (522)
< ICpy i llo || 2(Py) — M(PX)HHX@@HX
< Cyixllo Dk;(P),(a PY)

where the last inequality holds by (S20). The proof is complete.

8. PROOF OF LEMMA ??

8.1.  Preliminary results

The following lemma is adapted from Lemma 5 in Chérief-Abdellatif and Alquier (2020).
While the proof is quite similar, the statement is more general.

LEMMA S6. Let S be a set (equipped with a o-algebra). Let K be any symmetric func-
tion S* — [—1,1] that can be written K (s,s") = (¢(s),¢(s'))4, for some Hilbert space H
and some function @ (note that we do not assume that K is a characteristic kernel). Let
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S1,...,Sn be independent random variables on S with respective distributions Q1, ..., Qn.
Define Q = (1/n) Y"1 1 Qi and Q = (1/n) Y1 | ds,. We define, for any Q and Q' probability

distributions on S,
D¥(Q, Q") = Esnq.5'~qlK(Z, Z")] = 2B5nq,50nqu [K(Z, Z')] + Egnqy 5rnqy [K (2, Z')]

(which is indeed a metric if K is a characteristic kernel). We have:

S| =

E [Dx(@,Q)] < o= and E [D}(Q,Q)] <

7

Proof. Jensen’s inequality gives E[Dg(Q, Q)] < \/E[D%(Q,Q)}. Put m; = Egq,[¢(9)],

then

PQ.Q] =B || 3 le(s) —mi
1=1 H
- ;ZE (I8 = mlly] + s SOE (0180 = mis () = )

Z#J

22( [H‘P HH} H’mzHi)—i-O
2ZE{”¢’ H?—L} 2ZK (S:,9;) <

=1

S

Our proof strategy to study én(Dn) actually relies on the fact that despite contamination, the
performance of 6,,(D,,) remains close to the one of 0,,(D,,). The following lemma will help to
formalize this claim.

LEMMA S7. Let P"0 =1 D R (X0,v0) be the non-contaminated empirical distribution

and Pn =1 ZZ 1 5X0P 9(6,X9) be the uncontaminated counterpart ofPe Then, for any prob-
ablllty dlsmbutlon Qon X x Y, we have

‘Dk (ano, Q) — Dy (P", Q)‘ < 2 (S23)
and

D (7°,Q) - i (P7,Q)| < 2 (S24)
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Proof. For the first inequality (S23),

D (P70,Q) — By (P,Q)| < Dy (P70, 1)

1
- EZ[k (X0, Y9 -)—k((Xi,Yi),-)}‘
i=1 H
< fzmk (X0, %), ) = k(X370 |
- e - wosn ],
2|1
< - 22 L < 2e.
ze[
The proof of (S7) is exactly the same. O
8.2.  Proof of the lemma a20

Proof. Thanks to (S23) of Lemma S7 we have, for any fixed 6 € O,
Dk(pg;, PY%) <Dy (Pgnn , P") 4+ Dy (P, P) (triangle inequality)
< Dk(ﬁéﬁl’ P") 4+ Dy (P, P%) + 2¢ where we used (S23) with Q = P?
< Dy (P}, P") + Dy (P™°, PY) + 2 (by definition of 6,,)
< Dy (Py, PO + Dy (P, PY) + 4e by (S23) with Q = P}
< D(Py, PO + 2Dy, (P™0, PO) + 4e (triangle inequality). (S25)
Taking the expectation in (S25) gives:

E [Dk(ﬁé"n : 15,9)} < de + Dy(PP, P°) + 2E []D)k(P”’O, Y. (S26)

We can control the expectation in the right-hand side by an application of Lemma S6, where
= S;=(X7,Y) ~ Qi = dxoP, | Y| xo that are indeed independent, and where K' = k. The lemma

gives:
P 1
E[D P",PO} < $27
k’( n) = \/ﬁ ( )
We take the infinimum with respect to € to obtain:
. ) . 2
E [Dk(Pé;, P,?)} < de+ inf Dy(Pf, B) + N (S28)

In order to prove (??), take any z, € Z and define

P = (Z(S(XOYO +6, )

We note that:

Dy (P™0, PY) — Dy (P™0, PYY| <

n (i)




335

340

345

16 P. ALQUIER AND M. GERBER
This allows to use the McDiarmind’s bounded difference inequality McDiarmid (1989), which
gives:

P {Dk(ﬁ", PY —E [ID)k(P", 15,2)} > t} < exp (-”j) CVE> 0. (S29)

Put = exp(—nt?/2) to get

P{Dmo,zﬂm & [, )] > ”g“/")} <n
n

which, together with (S26)-(S27), gives the statement of the theorem. O

9. PROOF OF THEOREM ??

9.1.  Preliminary result
LEMMA S8. Let || - || be a semi-norm on ©. Let M : © — [0, 2] be such that there exists a
unique 0, € © verifying infgco M (0) = M (0,) and such that there exists a neighborhood U of
0, and a constant . > 0 for which

M(0) — M(6x) = pll0 = 04|, VO €U
Let (én)n21 be a sequence of random variables taking values in © and such that there exist a
strictly increasing function hy : (0,00) — (0, 00) with limg_,o h1(x) = 00, a continuous and
strictly decreasing function hg : (0,1) — (0, 00), and a constant x > 0 such that

P{M(én) < M(0,)+x+ Z?EZ?} >1-9, VYne(0,1), Yn>1.  (S30)

Then for any t > 0,
LU0 — 0. = w/p+ £} < 205" [((t) A (o = 2)1) Ba ()],

and

T n
IP{Hén 0l <+ 321((2))} >1—n, Yn>1, Vpe [2h5 (o —x)4hi(n)),1)

where oo = infgeye M(0) — M(0,) € (0,2].

Remark S2. 1t would also be possible to get a result on E[||f,, — 6,||], but at the price of the
additional assumption that the parameter space © is bounded: sup (g g)ce2 |6 — ¢'[le < oco.

Proof. Note that (S30) is equivalent to
P{M(én) —M(0) — x> t} < hy(thi(n)), Yt>0, ¥Yn>1. (S31)

Remind that o« = infgeye M (0) — M (0,). It is immediate to see that o < 2. Moreover, a > 0,
otherwise, U being a closed set, there would be a 8’ € U€ such that M (6") — M (6,) = 0.
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Now, for any ¢ > 0,
P{Hén — 0 >t+z/p}
=P{||0, — 0| >t +2/p,0, €U} +P{[|0n — Oul| >t +2/p1,0, ¢ U}
<P{M(0)— M(0,) > put+z,0, €U} +P{0, ¢ U}
<P{M(0) — M(0,) —z > ut} +P{M(0) — M(0,) > o}
< hy! (ptha(n)) + hy* (@ — )+ ha(n))
where we used (S31) for the last inequality. As h, ! is strictly decreasing, we obtain:

P {100 — 0ull >t +2/p} < 203" [((1ut) A (@ = 2)4) ha(n)]. (S32)

Fixn € [2h2_1 ((a — ) +h1(n)), 1) as in the statement of the lemma, and note that

ha (3)
pthi(n)’

2y () A (@ — 2)2) o (m)] = < t =

Plugging these values in (S32), we obtain:

e m
R{)16n — 0.]] < o Mhl(n)} >1-n.

9.2.  Proof of the theorem
Proof. From Lemma (??), (S30) in Lemma S8 holds with 6, = 6y, x = 4e, hi(n) = /n,
ha(n) = 2+ +/2log(1/n) and 6, = 6,, . Apply Lemma S8 to get:

ZP{Hén—M 2+Z/lf+t} <23 exp [—[((“t)“o‘_m)”f_ﬂj <00, V>0

2
n>1 n>1

showing that P(lim sup,, ., 10, — 04| < 4e/p) = 1. Lemma S8 also states

i hy (2
]P{Hﬁn — 0 < M;Ll(fn))} >1—n, Yn>1, Vne [2h2_1((a —x)+hi(n)), 1) .

Note that

1
ARG (2 + \/210g(2/77))

and 2%y (o — ) £ h1(n)) = 2exp(—(( — )4 y/n — 2)?/2). For the sake of simplicity, we
only consider n > 16/(«c — z)2, in this case, we have (o — z)4y/n — 2 > (a0 — 2)1/n/2 and
thus the result holds in particular for any n € [2exp(—n(a — x)% /8),1). Finally, remind that
r = 4e < /8 so it holds in particular for n > 64/a? and n € [2exp(—na?/32),1). O

10. PROOF OF LEMMA ??
10.1.  Preliminary result

We start with a result that will be an essential tool in the proof of Lemma ??. Essentially, it
quantifies how well Pg:o =1/n)> 0,0 X?Pg(én, x9) approximates P°. Usually, in regression

355
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a0 literature, we focus mostly on the estimation of the distribution of Y| X rather than on the esti-
mation of the distribution of the pair (X, Y"). Still, we believe that this result has in interpretation
on its own, so we state is as a theorem.

THEOREM S1. Under Assumption ?? we have

E Dk(PT"O,PO)} < 8¢ + inf Dy(Py, P°) +
On 9co

S

and, for any n € (0,1),

P{Dk(Pg’O,PO) < 86—|—gn(g]D)k(P9,P + T (1 ++/21og(2/n) )} >1-
n €

Proof. The proof is quite similar to the proof of Lemma ??, but requires some adaptations, in
particular in the application of Lemma S6.
375 First,

Dk(ﬁg:", P%) < Dk(ﬁg:", P™0) £y, (PO, PY). (S33)

Let us deal with the first term of this upper bound in a first time. Here, we will use both (S23)
and (S24) of Lemma S7. We have:

H1,0  Hn,0 H1,0  Hn pn. - pn P?
(P70, P0) <Dy (P70, P") + 2e <Dy (B, P") +de <Dy (B 1 P) + e
§Dk( GT:((] )+6€
7,0

where the first inequality uses (S23), the second (S24), the third the definition of én, the fourth
(S24), the fifth (S23) and the sixth the definition of 6,,.
Together with (S33), this shows that

Dy (P70, P°) <61n(i:)]Dk( B0, P0) + Dy (PO, PP) + 8e
€

< inf Dy (Pg“o,PO) + 2Dy (PO, P) + 8¢
€

< inf []D)k (Pg’o, Pg) 4 Dy(Py, PO)] 4P, PO) + 8¢ (S34)
€
and so, taking expectations on both sides,

E []D)k(Pg:O, PO)} < inf {E [Dk(ﬁgl’o, Pg)} + Di(Py, PO)} o [Dk(P”vO,PO)] + 8e. (S35)

385
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We tackle the term E []D)k (]59” ¥ Py)|. Letting ® denote the function
k((l‘, y)v ($/7 y,)) = (@(x, y)v (I>($I7 y,»H’ we have

such that
]D)k(pen’oﬁ Py) =

D}(F;", Pp)

Byt vy

= 2By vy b0 (xr vy, (2 Y), (X YT))

I
N

(B(X,Y), d(X",Y")),,

1
2
+ E(x,y)~Py, (X", Y)~ P, (P(X,Y), (X, Y/)>H >

R (Ex”i 2 i Ox0 X~ D Oxo <EY~P9(67X> [ Y] Ey by o 0y [R(X, Y/)]B;h

2By g, (B [POG Y] By [0CX,Y)])

H

=

By x0mpg (B, o [@(X YL Eyrar, o [0(XY]) )

1 @& 1 &
% (1300t ) o (130
=1 i=1

where the function k is given by:

E(xv :C/) = <EYNP9(9,z) [@(z,Y)], EYINPQ(G,:D/) [(I)(x/’ Y,)]>

E

2
Note that —1 < k < 1 so we can apply Lemma S6 to S; = X? ~ Q; = P{ and K = k to get:
1
< .

1 — 0
o1 (3 t)] <

Combining this last result with (S35), and applying Lemma S6 with S; = (X?, V%) ~ Q; = P°
and K = k that gives E[D;(P™°, PY)] < 1//n, we finally obtain:

- 1
n,0 0 . 0
.’ < N
E[Dk(F(,n , F )} _elgg{\/ﬁ—i-ﬂ)k(lte,f )}

— +38
+ \/ﬁ +oe
3
= inf Dy(Py, P°) 4+ —= +38
912@ k( 0, ) \/ﬁ/ 6’
that is the first inequality of the theorem.

In order to prove the second inequality let 0y € argmingcg Dy (Fp, PY). Then (S34) implies
Dk(pghov PO)

< (P, Pyy) + Dy(Pay, P°) + 2D (P™0, P) + 8e

= Dy (B0, Py,) + inf Dy (P, P°) + 2D, (P™0, P°) + 8e.
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McDiarmid’s bounded difference inequality leads to
A0 0 A0 PO nt?
P{Dy(P™", P°) ~ E[Dy(P™", P)] 2 t} < exp (-

and to
2

P {Dy(P"0, P*) — E (Dy(P"0, P)) > t} < exp <_n;) |

By a union bound, the probability that one of the two events hold is smaller or equal to
2 exp(—nt?/2), which leads to

) 3
0 poy < i 0y 4 >1-—
P{Dk(Pen ) < jof D(Py P) + (1 + \/210g(2/n)) -I—SG} >1-1.

This ends the proof.

10.2.  Proof of the lemma
Proof. By Lemma ?? applied to Py, = A;é’o and P§ = PY, we have
Dy(Py , Py ) < €Dya (PR, PY) (S36)
and thus
E[Dy(B2°, ;)] < €B[D (PR0, PY)].
Applying Lemma S6 with Z; = X; ~ Q); = Pg( and K = kzgf, we obtain
E[D (P p, )] <& (S37)
k 6, ' 0/ | = \/ﬁ

Now:
o [Dk(Pén, PO)} <E [Dk(Pén, Pén)} +E [Dk(ﬁén, PO)]
(& 3
< — + | inf Dy(Py, P%) + 8¢ + —=
< g+ (g e pny s o)
where we used (S37) to upper bound the first term, and Theorem S1 for the second term. This
ends the proof of the bound in expectation.

Let us now prove the inequality in probability. Let € (0, 1) and use the bounded difference
inequality to get

H1,0 1,0 2 lOg(2/T]) n
P{D@PX PR —E[Dg (PR, PR </ 2L b 21—
while, by Theorem S1,

) 3
P{Dk(PgL’O,PO) < 8+ inf Di(Py, P°) + = (1 + \/2log(4/77)> } <1- 1
n e n

Together with (S36), and using a union bound, we obtain

3(1+¢m)+e:(1+¢m)}
\/ﬁ

\V)

P{Dk(P@H,P% < inf Dy(Pp, P") +

>1—n.
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11. PROOF OF THEOREM ??

Proof. From Lemma ??, (S30) in Lemma S8 holds with hy(n) = \/n, ha(n) = (€ + 3)(1 +
21og(4/7)) and 6,, = ,,. Then, the result is proved following the computations done in the
proof of Theorem ??. U

12. PROOF OF PROPOSITION ?? 425
Proof. Let f : © — [0, 4] be defined by

£(6) = (Dy(Py, P°) — Dy(Py, PY))?, 6 €0

and let U be an open set containing 6y such that f is twice continuously differentiable on U. Let
Hy be the Hessian matrix of f evaluated at 6 € U.
Then, using Taylor’s theorem, for every € U we have, for some 7 € [0, 1]

£(0) = f(60) + (0 — 00) "V f(60) + %(9 —00) " Hyy 17(0—00) (0 — 60)

- (9 o HO)THGO"FT(@—@O)(G - 90) 430
Amin (Hoy+r(0-6

> |10 — 6> ( 02+ ( o))

o 0 — g2 Foctrelon Awin(Hoy +(0-00))

B 2

where for every §# € U we denote by Apin(Hp) the minimum eigenvalue of Hy. Un-
der the assumptions of the proposition, we can take U sufficiency small so that c:=

infGGU,TE[O,l] Amin (H90+T(9_90)) > (. Then, 435
Dy( Py, P°) — Dy (Pay, P°) = \/f(0) > /c/21|0 — 6o
showing that (??) holds for u = /c/2. O

13. PROOF OF PROPOSITION ??
Proof. Forall (0,z,y) € © x X x Y, let

mo(a.y) = By [ke(V.Y) = 2ky(Y9)] + Exeopy [Eyy,udpglx [k (Y, y’)]}

and remark that
E(x,y)~polmo(X,Y)] = EXNP)O{ [Dky(Pg(97X)7P}9|X)2j|, Vo € O.

Under the assumptions of the theorem, the mapping 6 — my(x, y) is continuous on the compact
set © and is such that |mg(z,y)| < 4forall (0, z,y) € © x X x ). Then (see e.g Van der Vaart,
2000, page 46)

0 32 : .
Sgg n Zme Xi,Yi) —Ex_po [Dky(Pg(97X),Py|X) ]’ — 0, in PP-probability

and therefore, noting that 6,, € argming.e LS me(X;,Y;), the result follows by Van der
Vaart (2000, Theorem 5.7). O
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14. PROOF OF THEOREM ??
Proof. Let € € [0,1) and, for all x € X, let P}0/|x =(1- 6)P19|x + €Qy, and PY =(1-—

445 e)P)O{ + eQ x where () x denotes the distribution of X under Q).
Then, for all # € © we have

Ex~py [Diy (Pyo,x): Py x)°]

< Expy [(Dry (Pyo.x)s Pyix) + Dy ( Y|X7P19|X))2]
<Ex.py [(Dry (Pyio,x) P$|X) + 26)2]

< Expy [(Dry (Py(o,x), Pyix)°] + 8¢+ 4e” (S38)
< Expo [(Dry (Pyo,x), Pyx)?] +12¢

= %EXNPO [(Dry (Py(o,x)> Pyx)?] + 12¢

where the third inequality the fact uses the that, since |ky| <1, }P’(]D)ky( 2(6,X)> }le) <
2) =1, the penultimate inequality holds since ¢ <1 and the last inequality holds since
Ex~qx [(Dk‘y(P 0,X)3 Y|X) } > 0foralld € O©.

450 Then, applying (S38) with 0 = 9~Q7E yields
0 2
IEX~P)°( [Dky(Pg(éQ,e,X)v PY\X) ]

.
T alh Expy [Dry (Py(o.x), PPyx)?] + 12¢
12¢

0 \2
1—e¢ 52(£)EX PY [Dry, (Pyo. ), Pyix) ]+ T + 12¢ (S39)
24¢ 12¢
0 2
< nf Exop [Diy (Pyox) o)) + 7=, + 7
52
1—e¢

<

<

+ 16¢

0 2
< Exopp [Pk (Pyggy ) PVx)%] +

where the second inequality follows by swapping P. ‘  and P, Y|  1n (S38) and the third one uses
the fact that, since |ky| < 1,

Ex~qx [Py (Pyo,x), Pyix)’] <4, V0eo.

By  assumption, 6y is the unique  minimizer of the function 60~
Ex~py (D, (Pyio,x)5 Y‘X) ?] and therefore (see the proof of Lemma S8)

a= inf (Exwpg( [Diey (Py(o,x)s PYix)?] = Expg [Dky(Pg(éo,XyP}%X)z]) > 0.

ocUc
Together with (S39), this shows that if
b2 <a=e<
1—e€ 92 + «
then

0 2 0 \2
EX~P§ [Dky (Pg(éQ,e,X)vPY\X) ] - IEX~P0 [Dky (Pg(éo X)s PY|X) }

< inf (EXNPO [Dky (Py(o,x): P*)?] = B, [Py (P ) 150)2])

oeUc
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implying that 9~Q7€ € U. Consequently, using again (S39),

52¢ 0 \2 0 32 j
11—« 2 EXNPQ( [Dky (Pg(éQ’E,X): PY|X) ] - EXNP;} [Dky(Pg(éo,X)’ PY\X) ] > pull0q.c — 0ol

and the result follows. (]
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